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Abstract. A plankton population model is developed from literature studies with mechanistic descrip-
tions of interactions of individual plankton cells. Interactions considered include diffusion and
convection of nutrients to phytoplankton cell surfaces, light capture by phytoplankton pigment
assemblages, sinking rates of phytoplankton cells, and encounter rates of predators and prey. Mech-
anistic formulations are based on individual species characteristics, obtained from measurements in
laboratory experiments, and are functions of local fluid properties such as small-scale turbulence and
viscosity. Phytoplankton growth is modelled by analogy to chemical kinetics, and is a function of intra-
cellular nutrient and energy reserves. Results from laboratory experiments on single-species popu-
lations found in the literature are used to test the applicability of the functional forms for quantifying
interactions of populations of common marine plankton species. These functional forms are then used
to construct a system of equations describing plankton population dynamics. Simulations of plankton
population dynamics at environmental conditions similar to the oceanic mixed layer at Bermuda
(32ºN, 65ºW) and Ocean Weather Station (OWS) ‘India’ (59ºN, 19ºW) are performed, and compared
to existing models and field data sets.

Introduction

Plankton population modelling has traditionally been based on simple empirical
models (Steele and Henderson, 1981), without detailed theoretical consideration
of the underlying physical processes involved. Empirical models usually capture
the dynamics of a few chosen phenomena, such as the spring bloom (Taylor and
Stephens, 1993), predator–prey interactions (Edwards and Brindley, 1996) or
recycling of nitrate (Fasham et al., 1990). However, empirical models have been
unable to describe the range of phenomena necessary to become useful tools for
forecasting geochemical quantities and biological populations in natural ecosys-
tems (Botsford et al., 1997). Recently, some global climate models have achieved
greater accuracy in forecasting, by employing explicit physical laws, rather than
empirical relationships based on historical data sets (Kerr, 1998; Stockdale et al.,
1998). Could such a theoretical approach improve the forecasting of biological
populations?

A large number of theoretically derived, and empirically tested, mechanistic
and semi-empirical functional forms (Table I defines the terms mechanistic, semi-
empirical, empirical and heuristic) relevant to modelling plankton populations
are described in the literature (Pasciak and Gavis, 1975; Kirk, 1975a; Gerritsen
and Strickler, 1977; Brock, 1981; Mellor and Yamada, 1982; Rothschild and
Osborn, 1988; Blanchard, 1989; Jackson, 1995; Blake and Otto, 1996; Karp-Boss
et al., 1996; Pahlow et al., 1997). In the last decade, modellers have used mechan-
istic light (Fasham et al., 1990), semi-empirical aggregation (Jackson and
Lochmann, 1992) and mixing (Sharples and Tett, 1994) functions to describe
environmental forcings in plankton population models. By considering an
isolated mechanism in detail, these studies have given ecologists an insight into
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what effects a particular mechanism may have on population dynamics. However,
so far, modellers have not attempted to incorporate mechanistic functional forms
into the biological processes in a plankton population model.

The major obstacle to incorporating mechanistic functional forms into plank-
ton population models is the quantification of phytoplankton and zooplankton in
terms of total biomass of phytoplankton and zooplankton species, respectively.
By using a plankton population model structure based on populations of indi-
vidual plankton cells, mechanistic interactions can be considered, with constants
derived from controlled laboratory experiments. Laboratory-determined
constants typically have greater precision than field measurements, and their use
in mechanistic functional forms allows explicit quantification of the effects of
environmental variables, such as small-scale turbulence and viscosity, on popu-
lation dynamics. The resulting model should provide a general description of
plankton population dynamics in a variety of environments.

The aim of this paper is to develop, as far as possible, a plankton population
model based on theoretically derived functional forms and laboratory-deter-
mined constants. This has necessitated functional forms describing interactions
of individual plankton cells. The mechanistic functional forms are then compared
to the literature describing the dynamics of populations of single plankton species
in the laboratory environment. These comparisons evaluate the usefulness of
functional forms, based on individual cells, in describing population dynamics.
The model equations are then combined and simulations of plankton population
dynamics in the oceanic mixed layer at Bermuda and Ocean Weather Station
(OWS) ‘India’ are performed, and compared to other models (Fasham et al., 1990;
Fasham, 1993) and field data sets.

The model

Model structure

The model structure is based on a series of ordinary differential equations
(ODEs) describing the interactions of individual plankton species. With the
processes described in words, the ODEs are:
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Table I. Definition of adjectives describing the method of determining functional forms

Adjective Description

Mechanistic Formulae based on theoretical consideration of underlying physical
processes only

Semi-empirical Formulae based on theoretical considerations, with experimentally
determined constants

Empirical Formulae based on experimental data only
Heuristic Intuitively determined formulae based on endpoints and chosen from

simple functional forms



dNi—— = – nutrient uptake + nutrient recycled (1)
dt

dQi,j——– = nutrient uptake – nutrient for growth (2)
dt

dqj—— = light captured – energy for growth (3)
dt

dPj—— = + growth – sinking – grazing loss (4)
dt

dHk—— = + grazing uptake (5)
dt

where Ni is the extracellular nutrient concentration of chemical species i [mol (Ni)
m–3], Qi,j is the internal cell quota of nutrient i, in phytoplankton species j [mol
(Qi) cell (Pj)–1], qj is the internal cell quota of energy, in phytoplankton species
j [mol (q) cell (Pj)–1], Pj is the concentration of phytoplankton species j [mol (Pj)
m–3] and Hk is the concentration of herbivore species k [mol (Hk) m–3].

The functional forms describing each process in equations (1–5) must now be
selected, and later validated by comparison with experiments in the literature.
The implications of mixing of the above quantities, as described by partial differ-
ential equations, are also briefly examined.

Nutrient uptake by phytoplankton

The most common functional form chosen by plankton population modellers to
describe nutrient uptake is a rectangular hyperbola (Dugdale, 1967):

aCbJ = ––––– (6)
b + Cb

where Cb is the average extracellular nutrient concentration (mol m–3), b is the
extracellular nutrient concentration at half the maximum uptake rate (mol m–3)
and a is the maximum uptake rate (mol cell–1 s–1). However, in addition to extra-
cellular nutrient concentration, nutrient uptake by phytoplankton is also depend-
ent on extracellular physical conditions, such as fluid motion, molecular diffusivity
of the nutrient and phytoplankton shape (Pasciak and Gavis, 1975), and intracel-
lular conditions, such as internal nutrient quotas and rates of biochemical reactions
(Droop, 1968). To choose a more theoretical functional form for nutrient uptake
by phytoplankton, the equations describing extracellular and intracellular uptake
processes need to be considered separately, and then solved simultaneously.

Extracellular processes. Nutrient uptake to a single phytoplankton cell, J (mol
cell–1 s–1), can be determined mechanistically by:

Mechanistic model of population dynamics

87



J = c D (Cb – Cw) (7)

where c is the diffusion shape factor (m) (Table II), D is the molecular diffusiv-
ity of the nutrient (m2 s–1), Cb is the average extracellular nutrient concentration
(mol m–3) and Cw is the concentration at the wall of the cell (mol m–3). A semi-
empirical correction to equation (7), to account for fluid motion around the cell,
is provided by the Sherwood number, Sh (dimensionless) (Table III). Sh is a rela-
tive measure of the additional flux of nutrient due to the motion of fluid surround-
ing the cell:

total flux
Sh = —————— (8)

diffusive flux

So equation (7) becomes the semi-empirical formula:

J = c DSh (Cb – Cw) (9)
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Table II. Diffusion shape factor c (m). c is obtained by solving the Laplace equation, ,2C = 0, and the
flux at the surface of the cell, J = cDnC [equation (9)], where D = molecular diffusivity and nC =
concentration difference between the average fluid and the cell wall; r1,2,3 are orthogonal radii (m); c
for an arbitrary shape is ≥ c of a sphere of same volume, and ≤ to c of a shape which circumscribes it
(Clift et al., 1978). Clift et al. (1978) also give solutions for touching and intersecting spheres, cubes,
rectangular plates and needle-like bodies. In the case where surface uptake mechanisms are much
faster than diffusion to the cell surface, c determines the relative ability of a shape to transport mass

Shape Diffusion shape factor c (m) Reference

Sphere 4pr1 LM89

Oblate spheroid
1 r3

2

r1 = r2 r2 > r3 4pr1e 1———––—2 where e = ! 1 – 1 — 2 PG75
tan–1 r1

Prolate spheroid
1 r3

2

r1 > r2 r2 = r3 8pr1e 1———––—2 where e = ! 1 – 1 — 2 PG75
r1

General ellipsoid I1 WR97
—
I2

C B u2 – l2
r1 > r2 > r3 I1 = 8 E E ———————————————— dldu

B 0 Î (u2 – B2) (C2 – u2) (B2 – l2) (C2 – l2) 

∞ 1
I2 =  E ———————— dx

r1 Î (x2 – B2) (x2 – C2)

B = Î r1
2 – r2

2, C = Î r1
2 – r3

2

Cylinder
L L 0.76

0 ≤ – ≤ 8 18 + 6.95 1 — 2 2 r1 CGW78d d

LM89, Lazier and Mann (1989); PG75, Pasciak and Gavis (1975); WR97, Wolf-Gladrow and Riebe-
sell (1997); CGW78, Clift et al. (1978).

e
Î 1 – e2

1 + eln ——1 – e



Intracellular processes. The dependence of uptake on intracellular nutrient
concentration has also been recognized, and the concept of an internal cell quota,
Q (mol cell–1), introduced (Droop, 1968). One heuristic formulation used to
describe the dependence of uptake on internal cell quota is (Sharples and Tett,
1994):

Qmax – Q
J = Q 1———— 2 (10)

Qmax

where Q is a function of other internal and external processes affecting uptake.
However, it is clear that internal cell quota only directly affects the intracellular
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Table III. Sherwood numbers, Sh (dimensionless), for spheres and other shapes (Brenner, 1963;
Karp-Boss et al., 1996; Pahlow et al., 1997). r1, r2, r3 are orthogonal radii (m); rc = characteristic radii
(m), used for non-spherical shapes, and taken to be the radius of a sphere with the same surface area
as the non-spherical shape; c = diffusion shape factor (m) (Table II); f = dimensionless drag; CD = drag
coefficient (Table V); m = dynamic viscosity (kg s–1 m–1); KD = Kolmogorov length scale for diffusion
(m); v = kinematic viscosity (m2 s–1); E = shear rate (s–1); e = mean rate of dissipation of turbulent
kinetic energy (m2 s–3); D = molecular diffusivity of transferred chemical species (m2 s–1); Pe = Peclet

number = ; Re = Reynolds number = Urel = velocity of cell relative to fluid as a

result of sinking and swimming from equation (42) (m s–1). For uniform motion in a shear flow, it has
been shown for a cylinder at low Re that Sh = Shshear + Shuniform (Dabros et al., 1984), and this is
assumed true for all shapes. For combinations of shapes and flow regimes not covered, Sh is given by
the Sh of a sphere of the same equivalent surface area as the non-spherical shape by substituting rc for
r1 in the second column

Flow regime Sphere Other shapes

Uniform flow Sh = 0.5 11 + √3 1 + 2Pe2 Sh = 1 + 0.5Sh0Pe
Urel r1fluid motion due to cell Pe = ——— +0.5Sh0fPe2lnPe

D
cshapeswimming only e = 0 where Sh0 = —————

csphere, = SA

CD rcUrelf = ——— Pe = ———
6pm rc D

Shear flow Pe < 0.1 Sh = 1 + 0.23Pe0.5 Prolate sp, 0.1 < Pe < 10
Pe

turbulent-induced shear 0.1 < Pe < 100 Sh = 1.002 + 0.21Pe0.5 Sh = 1 + 0.363 ! ——–
ra + 1

ra – 1
r1 < KD Pe > 100 Sh = 0.67Pe1/3 +0.115 ——— Pe1/3

ra + 1
vD2 Er1

2 e 1/2 r1 Erar3
2

KD = !4 —— Pe = —— E = 0.71 1—2 ra = —, Pe = —–—
e D v r3 D

Turbulent flow Sh = a [A + B]1/6

r1Urel
2

turbulent-induced shear A = 2.25 1—–—2 No literature studies
D
r1

2 e 0.5 2
r1 > KD B = 5.1S2 1—– 1—2 2D v

vD2
KD = !4 —— 0.495 < S < 0.545

e

r1
2 e0.5

—–—
Dv0.5

r1
2 e0.5

—–—;
v1.5



processes, which themselves must be given a functional form. A common heuris-
tic choice for describing internal cell processes involved in uptake is the rect-
angular hyperbola [equation (6)], primarily because of its use to describe enzyme
kinetics mechanistically (Kuchel and Ralston, 1988), which is often implicated in
intracellular uptake processes. This takes the form:

VCwJ = ———– (11)
K + Cw

where V is the maximum uptake rate of internal processes and K is the nutrient
concentration at the cell wall at half the maximum uptake rate of internal
processes. Since it is probably the rate of reaction, rather than maximum uptake
potential of the internal cell processes, which is a function of internal cell quota,
it is assumed that K in equation (11) is the following function of Q:

Qmax
K = Ko 1———— 2 (12)

Qmax – Q

where Ko is the value of K at Q = 0. This form was chosen heuristically, based on
the simplest function that met the criteria that K approaches infinity at Q = Qmax,
and K = Ko at Q = 0. The rate of uptake due to intracellular processes can now
be given by:

VCwJ = ————————
Qmax (13)

Ko ———— +CwQmax – Q

Enzyme-mediated uptake has been identified on the surface of cells (Dyhrman
and Palenik, 1997). The reaction rate of such enzyme reactions will be dependent
on concentration at the cell wall, Cw, and their activity, K, on the cell nutrient
status, Q. In the formulation of nutrient uptake presented in this paper, the effects
of surface enzyme reactions are included in the internal processes. In fact, equa-
tion (13) approximates a series of biochemical reactions and transport processes,
from those on the surface, through the cell membrane, to the point of storage
within the cell.

Uptake rate, incorporating both extracellular and intracellular processes. Up to
this point, both extracellular and intracellular uptake rates have been calculated
independently as a function of the concentration of the nutrient at the surface of
the cell, Cw. There is no direct way of determining Cw. However, by mass balance,
extracellular and intracellular uptake rates must be equal, so by solving simul-
taneous equations [equations (9) and (13)] (Hill and Whittingham, 1955; Pasciak
and Gavis, 1975; Mierle, 1985b), the uptake rate as a function of extracellular
nutrient concentration, fluid motion, phytoplankton shape, internal cell quota,
and enzyme saturation rate and maximum activity is given by solving the
quadratic:
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J2 Qmax V
——– – 1 Ko 1———— 2 + Cb + ——– 2 J + VCb = 0 (14)
cDSh Qmax – Q cDSh

Equation (14) is impractical to use for most species, since almost all literature
values for Ko and V are determined using equation (6) rather than equation (11).
However, an approximation (see below) of equation (14) is achieved by consider-
ing the physiological state of the cell directly in equation (9) using equation (10):

Qi,j
max – Qi,j dQi,jJi,j = cjDiShi,jNi 1—————2 = 1——–2 (15)
Qi,j

max dt uptake

where Ji,j is the uptake rate of nutrient i to phytoplankton species j [mol (Ni) cell–1

s–1], cj is the diffusion shape factor for phytoplankton species j (m) (Table II), Di
is the molecular diffusivity of chemical species i (m2 s–1) (Table VIII), Ni is the
average concentration of chemical species i in the surrounding fluid (mol m–3),
Shi,j is the Sherwood number (Table III) and is a measure of the additional flux
of chemical species i to phytoplankton species j due to local fluid motion, Qi,j is
the internal cell quota of chemical species i in phytoplankton species j [mol (Qi)
cell (Pj)–1] and Qi,j

max is the maximum internal cell quota of chemical species i in
phytoplankton species j [mol (Qi) cell (Pj)–1] (Table XIII).

Light capture

Phytoplankton absorb incident light as a function of wavelength, pigment concen-
trations, cell geometry (Kirk, 1994) and the presence of other attenuating
components of the water column. The spectrum of absorption coefficients for the
pigment assemblage that is characteristic of each phytoplankton species is deter-
mined, and then the absorption characteristics of a phytoplankton cell can be calcu-
lated depending on the pathlength of light through the cell as a function of cell size,
shape and orientation. For cells evenly distributed through a well-mixed layer, light
capture by an individual cell will be a function of the incident light on the top of
the layer, and the absorption coefficients of all attenuating elements of the medium.

The spectrum of absorption coefficients for a pigment assemblage can be
empirically determined by approximating the absorption bands of each pigment
as a Gaussian curve (Figure 1), and summing the combined absorption of all
bands at each wavelength (Hoepffner and Sathyendranath, 1991). The absorp-
tion coefficient at a wavelength l (nm) due to pigments 1, . . ., Y, (gC

—–
)l (m–1), is

given by:

Y (l – lj)2
(gC
—–

)l = o gjCj exp 1– ———– 2 (16)
j=1 2Wj

2

where Cj [mg (pig) m–3] is the concentration of pigment j, gj [m2 mg (pig)–1] is
the peak pigment-specific absorption coefficient of the pigment responsible for
the jth Gaussian band, lj (nm) is the wavelength of maximum absorption and Wj

(nm) is the halfwidth of the jth band.
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The pathlength, and therefore light attenuated, of a light beam through a cell
is a function of cell shape and orientation with respect to the direction of the
beam propagation (Figure 2). The light attenuated by one cell of phytoplankton
species j at wavelength l, (Ij,l)light attenuated, is given by (Kirk, 1975a):

(Ij,l)light attenuated = aj,lAj (Il)incident on j (17)

where (Il)incident on j is the incident radiation at wavelength l on cell j [mol (quanta)
m–2 s–1 nm–1], Aj is the projected area of j on a plane perpendicular to the beam
(m2) and aj,l is the fraction of light absorbed by a cell of species j, at wavelength
l (dimensionless), and is a function of pathlength and (gC

—–
)j,l. The product, aj,lAj,

is the absorption cross-section of cell j at wavelength l (m2). Since both aj,l and
Aj vary with shape and orientation, it is simplest to determine the product, aA—–

j,l,
for different cells and orientations. aA—–

j,l can be measured in the laboratory for a
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Fig. 1. Absorption coefficients, gC l (m–1), of 1 3 106 mg (pig) m–3 of Chl a (h), Chl b (n), Chl c (s)
and carotenoids (+) as approximated by Gaussian curves (Hoepffner and Sathyendranath, 1991).
Total absorbance is calculated as the sum of the absorption coefficients due to each pigment at each
wavelength [equation (16)].



particular species adapted to a particular light regime (Lewis et al., 1988), or
solved geometrically as a function of shape, pigment concentration and orien-
tation. For the geometric solution, small phytoplankton cells in a turbulent
environment cannot control their orientation, so a random orientation with
respect to the incident light is assumed. aA—–

j,l is determined by considering the
light attenuated in each infinitesimally small area of the projected area perpen-
dicular to the beam (in the XZ plane in Figure 2) for all orientations (u, w in
Figure 2) (Table IV). Geometric solution of aA—–

j,l allows theoretical investigation
of the effect of varying pigment concentrations and shape on light capture.

The incident light on cell j, Iincident on j, required in equation (17) is a function of
incident light on the top [at depth z (m)] of the medium, Iz,l [mol (quanta) m–2

s–1 nm–1], the effect of all attenuating components in the medium, and the path-
length through the medium to reach cell j. To solve for (Ij,l)light attenuated a well-
mixed medium in which all attenuating components are evenly distributed (which
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Fig. 2. The pathlength of two planes of light beams through a prolate spheroid. (— , · · ·) Light beam
travelling through fluid, in view and behind the spheroid, respectively; (- - - ) light beam travelling
through the cell. Calculation of the light absorbed by a randomly orientated shape requires determin-
ation of the pathlength of light through the cell for all orientations (u, w) to the light field, and at each
infinitesimally small area of the projected area perpendicular to the beam (in the XZ plane) (Kirk,
1975a,b, 1976). In the case of a surface of revolution such as the above prolate spheroid, integration
with respect to the angle through which the shape has been revolved (w above) is not required (Table
IV).



for a cell means it has equal probability of being at any depth in the medium) is
assumed. Beer’s law (Kirk, 1975a) can now be used to calculate the radiation at
the bottom [depth z – M (m)] of the medium, Iz – M,l [mol (quanta) m–2 s–1 nm–1]:

Iz – M,l = Iz,le(–oX
x = 1 kx,l)Mpath,l (18)

where Iz – M,l is the radiation at depth z – M (m) after travelling Mpath (m) through
the medium, and oX

x = 1 k is the sum of all (X in number) absorbing components
of the medium. For water containing humic substances and phytoplankton
species, Pj, j = 1, . . ., p, equation (18) becomes:

Iz – M,l = Iz,le – (kw,l+kg,l+op
j = 1 AvPjaA—j,l)Mpath,l (19)

where kw,l is the partial attenuation coefficient due to pure water at wavelength
l (m–1) (Figure 3), kg,l is the partial attenuation coefficient due to the presence
of gilvin or humic substances at wavelength l (m–1) (Figure 3) and AvPj aA—–

j,l is
the partial attenuation of species j at wavelength l (m–1) (Kirk, 1975a), where Av
is the Avogadro constant = 6.02214 3 1023 cell mol–1 (Atkins, 1994), p is the
number of phytoplankton species, AvPj is the concentration of phytoplankton
species j (cell m–3) and Mpath,l is the average pathlength of a photon at wavelength
l through the layer (m). If there is no scattering or backscattering of light within
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Table IV. Absorption cross-section of randomly orientated phytoplankton cells of a given shape. A =
projected area of the cell perpendicular to the light beam (m2); a = fraction of light absorbed by the cell
(dimensionless); g = pigment-specific absorbance [m2 mg (pig)–1]; C = pigment concentration [mg (pig)
m–3]; gC

—–
= the absorption coefficient of all pigments (m–1); aA—– = average absorption cross-section for

a randomly orientated cell (m2); r1,2,3 = orthogonal radii of sphere, ellipsoid or cylinder (m); h = height
of cylinder (m). For a weakly absorbing particle of any shape, aA—– = gC

—–
V, where V = volume (m3)

Shape Absorption cross-section for random orientation, aA
—–

(m2) Reference

2 1 1 – (1 + 2gCr1
–––

) e–2gC
—–

r12
Sphere pr1

2 1 1 – ————————–——— 2 Kirk (1975b)
(2gC

––
r1) 2

p/2 4 s L
–2gC

—–
RSpheroid E pLv cos u 1 1 – ——E E e dXdZ2du Kirk (1976)

0 pLv 0 0

r1 ≥ r2 ≥ r3 L = Î w2 cos2 u + v2 sin2 u

X2
s = v ! 1 – ——

L2

wv Î v2 + w2 cot2 u – X2 csc2 u
R = —————————————

sin u (v2 + w2 cot2 u)

prolate spheroid r1 = w r2 = r3 = v

oblate spheroid r1 = r2 = v r3 = w

p/2 1 r1 –2gC
—–

r1 sec u
Cylinder E 2r1h cos2 u 1 1 – — E e dZ2du Kirk (1976)

0 r1 0

Z2Î1 – ——
s2

Z2! 11 –—— 2r1
2
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the medium, Mpath,l = M sec u, where u is the azimuth angle of light propagating
through the water, and Mpath is independent of wavelength.

To determine the fraction of light absorbed by each attenuating component of
the medium, we rewrite Beer’s law [equation (18)] as:

X
Iz – M,l = Iz,l P e– kx,l (20)

x = 1

In a well-mixed medium, with attenuating components spread evenly throughout
the medium, the fraction attenuated by one component, x = z, out of X
components is given by:

e–kz,l – kz,l————– = ———— (21)
oX

x = 1 e–kx,l oX
x = 1 –kx,l

Combining equations (19) and (21), the light attenuated by one cell of species j
in a layer with a top depth of z, and bottom depth z – M, is given by:
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Fig. 3. Spectrally resolved optical properties of the atmosphere and water. (A) Solar radiation at the
top of the atmosphere, I [W m–2 nm–1 = 8.3525 3 10–9 l mol (photons) s–1 m–2 nm–1] (Koller, 1965).
(B) Transmission coefficient, t (airmass–1), of a cloudless atmosphere, zenith sun (airmass = 1) (Koller,
1965). (C) Attenuation coefficient of (—) clear water, kw (m–1) and (· · ·) gilvin (humic substances),
kg (m–1), at typical open-ocean concentrations. Spectrally resolved kg has been calculated using kg,l =
kg,l0

exp(–S(l – l0)) (Bricaud et al., 1981), based on values typical of open-ocean environments of
kg,440 nm = 0.01 m–1, S = 0.015 nm–1 (Kirk, 1994).
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Av Pj aA
––

j,l (Iz,l – Iz – M,l)
(Ij,l)light attenuated = ————————————— —————— (22)

kw,l + kg,l + op
j9 = 1 Av Pj9 aA

––
j9,l Av Pj M

Light scattering has the potential to change the trajectory and pathlength,
Mpath,l, of each photon. The effect of scattering on the light field is a function of
wavelength, angle of incidence into the layer, and the ratio of scattering co-
efficients and absorption coefficients (Kirk, 1994). Monte Carlo techniques (Kirk,
1981) can be used to track a large number of individual photons, to determine the
average effect of scattering on Mpath,l. It has been found (Kirk, 1984) that the
average effect of scattering on the pathlength of a photon at wavelength l, Mpath,l,
can be approximated for a water body with a given ratio of the total scattering
coefficient, bT,l (m–1), to total absorption coefficient, aT,l (m–1), by:

bT,lMpath,l = (M sec u)! 1 + G(u)—— (23)aT,l

where

G(u) = g1 cos u – g2 (24)

p

aT,l = kw,l + kg,l + o Av Pj aA
—

j,l (25)
j = 1

p

bT,l = bw,l + o bj,lAvCChl a,jVj Pj (26)
j = 1

G, g1 and g2 are dimensionless scattering constants characteristic of a water body
(Table VIII), bw,l is the scattering coefficient of sea water and its non-phyto-
plankton constituents at wavelength l (m–1) (Table VIII), and bj,l is the scatter-
ing coefficient of phytoplankton species j at wavelength l [m2 mg (Chl a)–1] (Table
IX), Vj is the volume of phytoplankton species j (m3) (Table X) and CChl a,j is the
concentration of chlorophyll a in phytoplankton species j (mol m–3).

Experiments (Figure 4) show that high levels of radiation reduce the efficiency
of use of light attenuated by pigments. This has been heuristically modelled using
a changing internal cell quota of energy, qj, similar to that used for nutrients
[equation (10)] such that:

qj
max – qjIlight captured = Iattenuated 1————2 (27)
qj

max

where qj
max is the maximum cell quota of photons. Considering all photons

between 300 and 700 nm to be equivalent in photosynthetic reactions, the change
in internal cell quota of energy of species j due to light capture is given by:



dqj
700 aA

—
j,l1 —–2 = o ————————————–

dt light capture l = 300 kw,l + kg,l + op
j9 = 1 Av Pj9 aA

––
j9,l

(28)
(Iz,l – Iz – M,l) qj

max – qj—————– 1–———–2
M qj

max

Growth rate of photosynthetic cells

The growth rate of photosynthetic cells is modelled using methodology employed
in the study of chemical kinetics. Describing chemical reaction dynamics mechan-
istically using quantum theory is a major new field (Clary, 1998), but is not devel-
oped enough to describe complex biochemical reactions. As a result, empirical
chemical kinetics methodology must be used. The reproduction of phytoplankton
of species j, Pj, is assumed to be fully described by a simple chemical reaction: the
reactants are a phytoplankton cell (including the molecules and energy it took to
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Fig. 4. Photosynthesis rate of Isochrysis galbana under an infra-red filtered tungsten lamp. (A) The
relative spectral irradiance of a tungsten–iodine lamp with filter (Driscoll and Vaughan, 1978)
between 400 and 700 nm. (B) (s) Measured photosynthesis rate and (p) calculated based on unin-
hibited light capture in units of oxygen evolved for the prolate spheroid (aspect ratio = 1.84) Isochry-
sis galbana (Falkowski et al., 1985). Calculated uninhibited light capture (aA— l (Il)incident on j [equation
(17)] where mO2 = 10.4, aA— I. galbana is calculated from formulae in Table IV using cell geometry in Table
X, pigment ratios from Table IX, and absorbance according to equation (16)).



make it), and the molecules and energy required to make another phytoplankton
cell; the products are two phytoplankton cells less inefficiencies, waste molecules
and heat. The balanced chemical reaction becomes:

where mi,j is the stoichiometric coefficient for nutrient i, phytoplankton species j
[mol (Qi,j) mol (Pj)–1], mI,j is the stoichiometric coefficient for energy, phyto-
plankton species j [mol (qj) mol (Pj)–1], and aj is the efficiency of growth of phyto-
plankton species j (dimensionless). Equation (29) assumes that phytoplankton
cells have a fixed stoichiometry, which could be, for example, the Redfield ratio
(Table XIII). Under the rules of balancing chemical reactions, equation (29) can
be used to describe population growth of sexually or asexually reproducing popu-
lations: the stoichiometry of equation (29) remains the same, but the growth rate
of the population, kj (defined below), will be seen to vary according to the parent
to offspring ratio.

Based on equation (29), using chemical kinetic methodologies (Atkins, 1994),
and assuming a first-order reaction rate of growth with respect to each reactant,
the rates of change of Pj, Qi,j and qj can be written as follows:

dPj
n

—— = ajkjqj 1 p Qi,j2 Pj = mjPj (30)
dt i = 1

where kj is the reaction rate constant [s–1 celln + 1 mol (q)–1 pn
i = 1 mol (Qi)–1] and

mj is the growth rate of phytoplankton species j (s–1). kj can be determined at the
maximum growth rate, mj

max, which is assumed to occur at an ideal temperature,
with full internal quotas of nutrient and energy:

mj
max

kj = ———————— (31)
ajqj

max pn
i = 1 Qi,j

max

The rates of reaction of the different reactants can be equated:

dPj Av dQi,j Av dqj1——2 = – ———— 1——–2 = – ———— 1——2 (32)
dt growth ajmi,jPj dt growth ajmI,jPj dt growth

so that:

dQi,j mi,j
n1——2 = – kj —— qj p Qi9,j (33)

dt growth Av i9= 1
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1 phytoplankton + molecules and energy 2 phytoplankton less inefficiencies + waste molecules + heat

n n
Pj + 1o mi,jQi,j + (mI,jqj)2 → 2ajPj + 2(1 – aj) 1o mi,jQi,j + (mI,jqj)2 (29)

i = 1 i = 1
energy heat

molecules waste

6 6
6 6 66



dqj mI,j
n1——2 = – kj —— qj p Qi9,j (34)

dt growth Av i9= 1

The inefficiency of phytoplankton growth results in a return of nutrients to the
extracellular nutrient pool at the rate of:

dNi
p n

1——2 = o (1 – aj) kjmi,jqj 1 p Qi,j2 Pj (35)
dt recycled j = 1 i9= 1

The term ‘recycled’ has been used to distinguish the process in equation (35) from
nutrient regeneration or remineralization, which are the breakdown of organic
material (Libes, 1992). Recycled nutrient is better thought of as nutrient which
has been taken into the cell, but then leaks or is excreted as a result of inef-
ficiencies in the phytoplankton growth. This model includes no regeneration or
remineralization.

Temperature dependence of growth rates

Temperature dependence of biochemical reactions is commonly fitted (Raven
and Geider, 1988; Geider et al., 1997) to the Arrhenius equation: an empirical
formula based on an exponential change in reaction rate with temperature. The
Arrhenius equation is given by (Atkins, 1994):

– Ea—–
k = Ae RT (36)

where k is the reaction rate (s–1), A is a constant (s–1), Ea is the activation energy
(J mol–1), R is the universal gas constant = 8.31451 J K–1 mol–1 and T is tempera-
ture (K). Equation (36) is used to determine the growth rate constant at all
temperatures, given the experimentally determined maximum growth rate at an
ideal temperature, Tref. The temperature dependence of kj becomes:

(mj
max)Tref,j – Ea,j 1 1

kj (T) = ———————— exp 3—–—1— – —–—2 4 (37)
ajqj

max pn
i = 1 Qi,j

max R T Tref,j

where Tref,j is the temperature at which the reaction rate constant, kj, is at a
maximum (K), and Ea,j can be determined experimentally (Table XIII).

Sinking rates of plankton

A force balance on a particle in suspension determines the terminal vertical
velocity, Usink (m s–1), of a cell due to a density difference between the fluid and
the cell:
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gV (rcell – rwater) = CDvUsink (38)
gravitational force frictional force

6 6



where g is the gravitational acceleration (m s–2), V is the cell volume (m3), rcell
and rwater are the density of the cell and surrounding water, respectively (kg m–3),
CD is the drag coefficient (unitless), which is shape and orientation dependent
(Table V), and v is the dynamic viscosity of water (kg m–1 s–1). The removal rate
of phytoplankton species j due to sinking from a well-mixed layer of thickness M
(m) is given by:

dPj gVj (rj – rwater)1——2 = – ——————— Pj (39)
dt sinking CD,jvM

A similar force balance could be used to determine the sinking rate of herbivore
species.

Plankton grazing

The process of a predator assimilating a prey can be divided into a series of
events, such as searching, encounter, attack, capture and ingestion [for a review
of the large body of work on these processes, see Dower et al. (1997)]. This paper
considers only small herbivores, which are assumed to have no search or attack
behaviours. Encounter occurs passively due to relative fluid motion between the
predator and prey. Under this simplification, the grazing rate of a predator is
dependent on its encounter, capture and ingestion rates of the prey (Shimeta et
al., 1995). Assuming these three rates to be independent, the grazing rate is deter-
mined by the slowest of encounter, capture and ingestion rates. Without sufficient
theoretical understanding of plankton capture mechanisms, capture rates are
assumed unlimiting [although Shimeta et al. (1995) suggest that capture may
become limiting under high shear]. Plankton grazing rates therefore become the
minimum of the encounter rate (a function of shear, swimming and sinking vel-
ocities) and the species-specific ingestion rate.

Encounter rates. Two different approaches have been used to estimate the
encounter rate of particles. The first involves considering the velocities of all
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Table V. Drag coefficients, CD (dimensionless), of various shapes and orientation (Clift et al., 1978).
CD is used to calculate terminal sinking velocity of cells [equation (38)] and Sherwood numbers in a
uniform flow (Table III).  ra = aspect ratio = axial dimension/normal dimension;  r1,2 = orthogonal radii
(m) where r1 > r2

Shape Random Axial Normal

Sphere 6pr1 6pr1 6pr1

6pr1 √
——
1 – ra

2 8pr1 (1 – ra
2) 16pr1 (1 – ra

2)
Oblate spheroid —————— ——————— ———————

(1 – 2ra
2) cos–1 ra (3 – 2ra

2) cos–1 racos–1 ra —————– + ra —————– – ra
√
——
1 – ra

2 √
——
1 – ra

2

6pr2 √
——
ra

2 – 1 8pr2 (ra
2 – 1) 16pr2 (ra

2 – 1)
Prolate spheroid ——————– ————————–—– ————————–—–

(2ra
2 – 1) ln 1ra + √

——
ra

2 – 1 2 (2ra
2 – 3) ln 1ra + √

——
ra

2 – 1 2
ln 1ra + √

——
ra

2 – 12 —————–———– – ra —————–———– + ra
√
—–
ra

2 – 1 √
—–
ra

2 – 1



possible sources of relative motion between particles (swimming, sinking, turbu-
lent motion, diffusion, feeding currents, etc.), to calculate an approximate rela-
tive velocity between particles, on which an encounter rate can be calculated
(Gerritsen and Strickler, 1977; Rothschild and Osborn, 1988). An alternative
approach, called coagulation theory (Jackson, 1995), calculates the encounter
rate as the sum of encounter rates due to each source of relative motion. We have
chosen to sum the relative velocities due to sinking and swimming of both pred-
ator and prey (Gerritsen and Strickler, 1977) to determine an encounter rate due
to sinking and swimming, which is then added to the encounter rates calculated
due to diffusion and turbulent motions following coagulation theory.

To calculate the relative velocity of the predator species k, and prey species j,
due to their respective sinking and swimming velocities, Uj,k (m s–1), firstly their
differential sinking (which is always along the vertical) rate is determined: 

Usink,j,k = Usink,j – Usink,k (40)

The relative swimming velocity (addition of random swimming velocities of the
predator and prey) is given by (Gerritsen and Strickler, 1977):

Uslow = min [Uswim,j, Uswim,k]
U2

slow + 3U2
fastUswim,j,k = —————— where (41)

3Ufast Ufast = max [Uswim,j, Uswim,k]

Assuming that the relative swimming direction of predator and prey is random,
the relative velocity due to sinking and swimming, Uj,k (m s–1), is given by:

Uslow = min [Uswim,j,k, Usink,j,k]
U2

slow + 3U2
fastUj,k = —————— where (42)

3Ufast Ufast = max [Uswim,j,k, Usink,j,k]

Coagulation theory. Coagulation theory predicts that the encounter rate of a
particle, say a predator, with other particles in a fluid, say the prey, Pj, can be
given by:

Encounter rate = fj,kPj (43)

where fj,k is the encounter rate coefficient (m3 s–1) and Pj is the concentration of
prey species j (mol m–3). fj,k is determined for encounter rates as a result of diffu-
sion, relative velocity [Uj,k from equation (42)] and turbulent shear (Table VI)
using (Jackson, 1995):

fj,k = fj,k,diffusion + fj,k,relative velocity + fj,k,turbulent shear (44)
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When calculating the encounter rate coefficient for relative velocity and turbu-
lent shear, two types of solutions are used:

Rectilinear solution—assumes that the presence of a larger organism does not
change the velocity of smaller organisms. Filter-feeder contact rates are solved
this way.
Curvilinear solution—assumes that smaller organisms follow streamlines
around larger organisms, the two organisms only coming into contact if the
streamline the smaller organism follows is within one smaller organism’s radius
of the larger organism. The most basic heterotrophs are solved this way.

At present, the rectilinear and curvilinear solutions of the encounter rate
coefficient are only available for spherical cells (Table VI). To obtain the
encounter rate coefficient for non-spherical shapes, an average spherical radius
is assumed for the predator and prey when using the rectilinear solution, and the
predator for the curvilinear solution. To account for the rotation due to shear of
the prey as it passes around the predator, the prey’s largest radius is used for the
curvilinear solution.

To obtain the encounter rate for a population of Hk cells with a population of
Pj cells, equation (43) becomes:

Encounter rate = Avfj,kPjHk (45)

where the Avogadro constant, Av, is required to retain units of mol m–3 s–1.

Ingestion rates. Herbivore maximum ingestion rates are reported (Hansen et al.,
1997), or can be calculated, given a maximum growth rate at unlimiting prey
density, mk

max, and the yield of predator cells per prey, Yj,k (Eccleston-Parry and
Leadbeater, 1994). The maximum ingestion rate of prey is then given by mk

maxYj,k
–1.
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Table VI. Encounter rate coefficients for spherical cells. f1,2 = encounter rate coefficient (m3 s–1) of
two spheres, radii r1 and r2 where r2 > r1 (m). Rectilinear formulae assume the path of the cells is
uninterrupted by the presence of other cells. Curvilinear formulae correct for the influence of large
cells on the path of smaller cells. p = r1/r2; Boltzmann constant, kB = 1.38066 3 10–23 J K–1; T =
temperature (K); m = dynamic viscosity (kg s–1 m–1); e = mean rate of dissipation of turbulent kinetic
energy (m2 s–3); and v = kinematic viscosity (m2 s–1) (Jackson, 1995)

Mechanism Rectilinear encounter rate coefficient Curvilinear encounter rate coefficient
fr (m3 s–1) fc (m3 s–1)

2kBT 1 1 2kBT 1 1
Diffusion ——– 1— + — 2 (r1 + r2) ——– 1— + — 2 (r1 + r2)3m r1 r2 3m r1 r2

Relative velocity p (r1 + r2)2 U1,2 0.5pr1
2U1,2

e 0.5 p2 e 0.5
Turbulent shear 1.3 1—2 (r1 + r2)3 9.8 ———— 1—2 (r1 + r2)3

v (1 + 2p)2 v



Growth rate of herbivore cells

Herbivore growth rate is a function of temperature, the encounter rate of phyto-
plankton and herbivore cells, and the maximum herbivore ingestion rate of
phytoplankton. It is assumed that the growth of herbivore species k can be
described by a series of chemical reactions, one for the assimilation of each prey
species Pj, j = 1, . . ., p such that:

Hk + Y1,k
–1 P1 → 2Hk

Hk + Y2,k
–1 P2 → 2Hk

: :

Hk + Yp,k
–1 Pp → 2Hk (46)

Like equation (29), equation (46) is a balanced chemical reaction, describing
sexually or asexually reproducing populations of variable parent to offspring
ratios. Herbivore growth rate in unlimiting prey concentrations is assumed to be
exponential. The change in herbivore species k with time due to grazing on phyto-
plankton species j = 1, . . ., p is assumed to be proportional to the minimum of the
prey-saturated growth rate, mk

max (s–1), and the product of the encounter rate per
predator, Av op

j = 1 fj,kPj, and the yield of predator per prey, Yj,k:

dHk
p1——2 = min 3mk

max, Avofj,kPjYj,k4 Hk (47)
dt grazing uptake j = 1

If predator k is not ingestion rate limited, the resultant grazing loss in phyto-
plankton species j is given by:

dPj1—— 2 = Avfj,kPjHk (48)
dt grazing loss to Hk

If a predator k is ingestion rate limited, all phytoplankton grazing loss terms of k
will be a function of the population of the predator, and the predator preference
for each prey species. Assuming that the predator k has an equal preference for
all prey, the grazing loss of phytoplankton species j becomes a function of the
population of the predator k, and the fraction of encounters of species j with k in
a diet of 1, . . ., j9. Therefore, the loss term for population Pj in a diet of Pj9, j9 =
1, . . ., p, for ingestion rate-limited predator k with no prey preference is given by:

dPj fj,kPj1—–2 = ——————– mk
maxYj,k

–1Hk (49)
dt grazing loss to Hk op

j9 = 1 fj9,kPj9

Combining equations (48) and (49), the grazing loss term of phytoplankton
species j in an assemblage of j9 = 1, . . ., p to grazers Hk, k = 1, . . ., h is given by:
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p
– Avfj,kPjHk if Av ofj9,kPj9Yj9,k < mk

max

j9 = 1
dPj

h

1——2 = o5 (50)
dt grazing k = 1

fj,kPj
p

– ——————– mk
maxYj,k

–1Hk if mk
max < Av o fj9,kPj9Yj9,k

op
j9 = 1 fj9,kPj9 j9 = 1

Equation (50) implies that the grazing loss to an ingestion rate-limited preda-
tor is less than the loss to an encounter rate-limited predator for the same prey
species concentration. For two competing prey species, P1 and P2, the bloom of
species P1, if it results in the ingestion limitation of a common predator, will
reduce the grazing pressure on P2.

The temperature dependence of herbivore growth rates can be fitted to the
Arrhenius equation [equation (36)] in a similar manner to phytoplankton [equa-
tion (37)]:

–Ea,k 1 1
mk

max (T) = (mk
max)Tref,k

exp 3——— 1— – ———24 (51)
R T Tref,k

where Tref,k is the temperature at which the prey-saturated growth rate, mk
max, is

a maximum (K); Ea,k can be determined experimentally (Table XIV); yield, Yj,k,
is assumed to be unaffected by temperature, and the encounter rate coefficient,
fj,k, is a known function of temperature (Table VI).

Mixing

In addition to the interactions described by the ODEs above, plankton popu-
lations are also affected by fluid mixing, which is best described using partial
differential equations (PDEs). Mixing of scalars such as nutrient, salinity and
cells, here simplified to mixing in the vertical (z) direction only, takes the form
(Sharples and Tett, 1994):

∂Sz ∂ ∂Sz dSz—— = — 1Kz —— 2 + 1 —— 2 (52)
∂t ∂z ∂z dt loss and gain at depth z

where Sz is the value of scalar S at depth z and Kz is the vertical coefficient of
eddy diffusivity (m2 s–1). The mixing rate of the properties of a cell, such as
internal nutrient quota, Q, is given by:

∂Qz ∂ Kz ∂(PzQz) dQz—— = 1 — 1 —– ————22 + 1——2 (53)
∂t ∂z Pz ∂z dt loss and gain at depth z

To integrate PDEs forward in time, a variety of differencing schemes can be used.
To illustrate the mixing of the properties of a cell, the forward-time centred-space
(FTCS) (Hoffman, 1992) differencing scheme is used:
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Pi
n + 1 = Pi

n + Kz (Pn
i + 1 – 2Pi

n + Pn
i – 1) (54)

where Pi
n represents the phytoplankton cell numbers at time n, position i. The

mixing for internal properties becomes:

It should be noted that in equation (53), and its numerical approximation equa-
tion (55), the direction of the flux of internal nutrient quota, Q, is dependent on
the gradient in Q only, but the magnitude is a function of the gradient of both P
and Q, as would be expected.

Instead of tracking individual molecules and their internal physiological states
(Lagrangian formulation), equation (55) mixes the average internal properties
(Eulerian formulation). Errors resulting from using a Eulerian approximation
(of, at the scale of the plankton, the Lagrangian reality) should be small if, for an
individual, the time to move between layers is large compared to the time to reach
the average value of the layer from gains and losses at that depth. A comparison
between Lagrangian and Eulerian models of phytoplankton growth found only a
small (20%) difference in phytoplankton growth (McGillicuddy, 1995).

The model equations

Including the effects of mixing, the model equations are given in Table VII. The
equations contain n nutrient species, p phytoplankton species and h herbivore
species. Phytoplankton species are differentiated on the basis of pigment assem-
blages (Table IX) and shape (Table X). Herbivores are differentiated by shape,
swimming velocity, feeding mechanism (Table XII) and yield of prey per herbi-
vore (Table XI). Other biological parameters required, but not routinely
measured in laboratory experiments, include the ability to store nutrients, cell
stoichiometry, maximum growth rate, density, swimming velocity and growth
efficiency of phytoplankton, and the density of zooplankton. These values have
been obtained from general size-dependent relationships found in the literature
(Tables XIII and XIV).

Experimental validation of functional forms

Published laboratory experiments involving plankton populations can be used to
assess the performance of the presented mechanistic functional forms, based on
individual plankton cells, to describe population dynamics.

Nutrient uptake. Equation (14) is a function of extracellular nutrient concen-
tration, fluid motion, phytoplankton shape, internal cell quota (or physiological
state), and the saturation and maximum activity of internal uptake processes. No
published experimental studies have investigated all of these variables. However,
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nutrient from above nutrient from below

Pi
n + 1Qi

n + 1 = Pi
nQi

n + Kz1 + Pn
i + 1Q

n
i + 1 – 2Pi

nQi
n + Pn

i – 1Qi – 1
n 2 (55)

lost to above and below

66 6



experiments on populations of a single species of cyanobacterium (Mierle,
1985a), a diatom (Pasciak and Gavis, 1975) and a macroalga (Smith and Walker,
1980) have been conducted to test the validity of the Hill–Whittington equation
(Hill and Whittingham, 1955):

J2 V
——— – 1K + Cb + ———2 J + VCb = 0 (56)
cDSh cDSh
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Table VII. The model equations. Units for state variables are: Ni [mol (Ni) m–3]; Qi,j [mol (Qi) cell
(Pj)–1]; qj [mol (q) cell (Pj)–1]; Pj [mol (Pj) m–3]; Hk [mol (Hk) m–3]

∂Ni ∂ ∂Ni
p Qi,j

max – Qi,j
p n

—— = — 1Kz ——2 –o cjDiNiPjAvShi,j 1—————2 + o (1 – aj)kjmi,jqj 1 p Qi9,j2 Pj∂t ∂t ∂z j = 1 Qi,j
max

j = 1 i9 = 1

∂Qi,j ∂ Kz ∂(Qi,jPj) Qi,j
max – Qi,j mi,j

n

—–– = 1— 1–— ———22 + cjDiNiShij 1—————2 – kj —–— qj p Qi9,j∂t ∂t Pj ∂z Qi,j
max Av i9 = 1

∂qj ∂ Kz ∂(qjPj) mI,j
n

—–– = 1— 1–— ———22 – kj —–— qj p Qi,j∂t ∂t Pj ∂z Av i = 1

aA
—

j,l (Iz – M,l – Iz,l) qj
max – qj+ ———–————————— —————— 1—————2kw,l + kg,l + op

j9=1 AvPj9aA
—

j9,l M qj
max

∂Pj ∂ ∂Pj
n gVj (rj – rwater)—— = — 1Kz ——2 + ajkjPjqj pQi,j – ——————– Pj∂t ∂t ∂z i = 1 CD,jvM

p

Avfj,kPjHk if Av o fj9,kPj9Yj9,k < mk
max

j9 = 1h

– o 5k = 1 fj,kPj
p

–––––––––— mk
maxYj,k

–1Hk if mk
max < Av ofj9,kPj9Yj9,kop

j9 = 1 fj9,kPj9 j9 = 1

∂Hk ∂ ∂Hk
p

—— = — 1Kz ——2 + min 3mk
max, Avo fj,kPjYj,k4 Hk∂t ∂t ∂z j = 1
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mixing

mixing

mixing

mixing grazing uptake

growth sinking

grazing loss

uptake consumption for growth

consumption for growth

light captured and stored

uptake by phytoplankton recycled



The functional form for nutrient uptake proposed earlier, equation (14), is based
on equation (56), with the addition of the heuristically determined function for
enzyme activity, K, on the internal cell processes [equation (12)]. Using param-
eter values for a cyanobacterium (Figure 5) and a diatom (Figure 6), the approxi-
mation of equation (14) given earlier, equation (15), is found to be good (± 50%)
in all regions except those where there is both high Cb and low Q (Figures 5 and
6). However, conditions of both high Cb and low Q are unlikely to be present in
natural environments, or numerical models of phytoplankton growth. Further-
more, equation (15) has a dependence on internal cell quota, Q, similar to that
used by other authors (Sharples and Tett, 1994), and does not require determin-
ation of V, or Ko, which is problematic (see above). 

Light capture. Figure 7 compares the measured spectrally resolved Chl a-specific
absorbance of pigments extracted from two species of cyanobacteria with the
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Fig. 5. Analysis of nutrient uptake functional forms [equations (14) and (15)] using parameters (K,
V) determined from laboratory experiments of phosphate uptake rates to the cyanobacterium Syne-
chococcus leopoliensis (Mierle, 1985b), as a function of extracellular concentration and internal cell
quota of nitrate. (A) Uptake determined using the Hill–Whittingham equation (HW) [equation (56)].
(B) Uptake determined using mass transfer (MT) formulation dependent on internal cell quotient, Q
[equation (15)]. (C) Uptake determined using HW, with K a function of Q (HW equation [K = f(Q)])
[equation (14)]. (D) Percentage difference between (B) and (C). (HW equation [K = f(Q)]) is the
most theoretically justifiable functional form, but MT has been preferred because of a lack of experi-
mental determinations of Ko and V.



calculated value, assuming the pigment assemblage is made up of Chl a, Chl b,
Chl c and carotenoids (Table IX) with absorbances described by Gaussian curves
[equation (16)]. Errors are a result of using only four pigment types, and the lack
of fit of the true pigment absorbances to Gaussian curves. These errors could be
avoided by using measured spectrally resolved absorbances.

The equations used to determine aA
—–

(Table IV) are exact for particular shapes
with evenly distributed pigment, but are only as good as the approximation of the
phytoplankton shape. The initial slope of a photosynthesis versus irradiance
curve should be approximated by aA

—–
mO2

, where mO2
= 10.4. Figure 4 compares

measured values of Isochrysis galbana with those calculated using cell geometry
in Table X, pigment ratios from Table IX, and absorbance according to equation
(16).

Grazing rates. The ingestion rate of six protozoan species has been investigated
in a stagnant fluid (swimming only) and in shear flows (Shimeta et al., 1995). In a
stagnant fluid, coagulation theory satisfactorily predicted the slope of ingestion
rate versus prey concentration (Figure 8) for a number of protozoan species. The
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Fig. 6. Analysis of nutrient uptake functional forms [equations (14) and (15)] using parameters (K,
V) determined from laboratory experiments of nitrate uptake to the diatom Dictylum brightwelli
(Pasciak and Gavis, 1975), as a function of extracellular concentration and internal cell quota of
nitrate. See Figure 5.



growth kinetics of six heterotrophic flagellates has been studied under stagnant
conditions, at higher prey concentration (Eccleston-Parry and Leadbeater, 1994).
Although the encounter rate coefficient still predicted the initial slope of the
growth rate versus prey concentration curve, a deviation from this line was
observed for Codosiga gracilis before ingestion rate limitation is reached (Figure
9). This may be explained by a reduced swimming velocity at higher prey concen-
trations, although such an effect was not included in the model as presented.

Sinking rates. The force balance for particle sinking, equation (38), is well known
(Atkins, 1994). Measurement of sedimentation rates in the open ocean suggests
that equation (38) underestimates the sinking velocities for small phytoplankton
cells (radius < 5 mm) by 1–3 orders of magnitude (Kennett, 1982). For a long time,
this anomaly of increased sedimentation rates has been explained by the
formation of aggregates (Lohmann, 1902). The understanding of the mechanisms
of aggregation formation, or coagulation, has been well studied at the individual
scale (Jackson, 1995). However, due to increasing the simulation time, coagu-
lation will not be included in the presented model. In open-ocean environments,
where plankton are dilute, growth, grazing and mixing are probably more impor-
tant terms than sinking, even including coagulation. In coastal regions, however,
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Fig. 7. (+) Measured and (–) calculated Chl a-specific absorbance [m2 mg (Chl a)–1] based on absorp-
tion coefficients calculated using equation (16), Wj, lj and gj from Hoepffner and Sathyendranath
(1991), and pigment concentrations, Cj, from Table IX of Synechococcus sp. and Prochlorococcus sp.



coagulation can result in sinking becoming the dominant phytoplankton loss
term, and has been used to explain the ending of phytoplankton blooms (Kiørboe
et al., 1996).

The chemical reaction of phytoplankton growth. The behaviour of the ‘chemical
reaction’ describing phytoplankton growth [equation (29)] (CR) can be simpli-
fied at steady state, assuming only an internal quota for one nutrient, Q, and
energy, q, to two simultaneous non-linear equations:

Qmax – Q
k1 ————— = mQk3Qq (57)

Qmax

qmax – q
k2 ————— = mqk3Qq (58)

qmax
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Fig. 8. (s) Measured ingestion rate of Monosiga sp. and Ciliophyrs marina (Shimeta et al., 1995) and
(–) predicted ingestion rate using coagulation theory. For Monosiga sp.: dimensions 3 3 3 3 3 mm,
Uswim,pred = 30 mm s–1 and non-motile bacteria 0.6 3 0.6 3 0.6 mm, e = 0 m2 s–3, rectilinear encounter
rate coefficient f = 4.4 3 10–12 m3 h–1. For C.marina: dimensions 30 3 30 3 30 mm, Uswim,pred = 0 mm
s–1 and non-motile bacteria 2 3 2 3 2 mm, e = 0 m2 s–3, encounter rate coefficient for diffusion, f =
168 3 10–15 m3 h–1. The horizontal line represents the ingestion rate limit used in Table XI.



where k1 = cDNSh [mol (Q) s–1], k2 = aA
—–

I [mol (q) s–1] and k3 = kj/Av [mol s–1

mol (Q)–1 mol (q)–1] are, respectively, the nutrient uptake, light capture and
growth rate constants for an individual cell. These equations have been solved for
growth rate, k3Qq, at mQ = mq = 1 (Figure 10). Numerical solutions were obtained
using MATLAB software, by applying Newton’s method for solving systems of
non-linear equations, truncating the Taylor series approximation to one term, and
using Gaussian elimination to solve the intermediate linear simultaneous equa-
tions, until successive approximations were within 10–9 (Hoffman, 1992).

The growth functional forms most commonly used in plankton population
models are: (i) the multiplicative form (MP) (Steele and Henderson, 1981;
Fasham et al., 1990; Taylor and Stephens, 1993), which can be written as:

(growth rate)MP = k1k2k3 (59)
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Fig. 9. (s) Measured growth rate of Bodo designis (Eccleston-Parry and Leadbeater, 1994) and (–)
predicted growth rate using coagulation theory, and assuming exponential growth. For B.designis:
dimensions 2.7 3 2.7 3 2.7 mm, Uswim,pred = 80 mm s–1 and non-motile bacteria 1.5 3 1.5 3 1.5 mm, e
= 0 m2 s–3, rectilinear encounter rate coefficient f = 16 3 10–12, yield g = 1/693 predator prey–1. For
Codosiga gracilis: dimensions 2.8 3 2.8 3 2.8 mm, Uswim,pred = 215 mm s–1 and non-motile bacteria 1.5
3 1.5 3 1.5 mm, e = 0 m2 s–3, rectilinear encounter rate coefficient f = 45 3 10–12 m3 h–1, yield g =
1/3990 predator prey–1. The horizontal line represents the ingestion rate limit used in Table XI.



and (ii) the threshold or ‘Law of the Minimum’ form (LM) (de Baar, 1994), in
which the growth rate is dependent on the slowest uptake rate and the growth
rate constant:

(growth rate)LM = (min [k1, k2]k3) (60)

A comparison of the temperature dependence of growth rates obtained using CR,
MP and LM functional forms has been made for a variety of values of k1, k2 and
k3 (Figure 11) based on the assumptions: k1 is proportional to extracellular concen-
tration and experiences a linear increase of 0.87 every 10 K (based on molecular
diffusivity of nitrate), k2 is proportional to irradiance, and k3 doubles every 10 K.

The CR form was chosen because: (i) chemical kinetics methodology is used
in many applications; (ii) the cell quotas Q and q take into account the light and
nutrient histories of the cells; (iii) the non-linear characteristics of equations (57)
and (58) fitted laboratory experiments with a minimum of parameters (i.e. it did
not require the addition of half-saturation constants for nutrient and energy
uptake); and (iv) the CR form fits observed temperature dependencies of algal
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Fig. 10. Steady-state analysis of non-linear simultaneous equations (57) and (58) using Newton’s
method for non-linear equations (Hoffman, 1992). (A) k3 = 1; (B) k3 = 4; (C) k3 = 7; (D) k3 = 10. In
the limit of one rate (k1, k2 or k3) being much smaller than the other two, the growth rate k3Qq
becomes proportional to the smallest rate only. This behaviour is similar to the ‘Law of the Minimum’
(von Liebig, 1840).



growth rate at low nutrient and low light conditions. For example, laboratory
experiments at unlimiting nutrient concentrations (k1 = 10) and low light
conditions show that algal growth rate is independent of temperature (Kirk,
1994). This is also the case for the CR form (Figure 11A), but both the MP (Figure
11C) and LM (Figure 11E) forms are at least linear functions of temperature for
all light conditions. At unlimiting light (k3 = 10) and low nutrient conditions,
nutrient uptake is a positive function of temperature (Raven and Geider, 1988),
which the CR form also predicts (Figure 11B).

Mathematically, the CR form shares similar characteristics to both alternate
functional forms. The CR growth term is a multiplicative form, albeit based on
internal cell quotas rather than extracellular quantities, and for a nutrient with a
much slower supply rate CR approximates the ‘Law of the Minimum’:

∂(k3Qq)
———

∂k1
k2 k3——— → ` as — → ` and — → ` (61)

∂(k3Qq) k1 k1———
∂k2
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Fig. 11. A comparison of phytoplankton growth functional forms (CR, MP and LM) at four differ-
ent temperatures in low-light (left column) and low-nutrient (right column) conditions. The four
different temperatures, 10 K apart, correspond to a doubling of k3, and are solved using: (p) k3 = 0.5;
(s) k3 = 1; (+) k3 = 2; (3) k3 = 4.



where the symmetry of equations (57) and (58) allows the interchanging of k1 and
k2 in equation (61). Using the CR form satisfies the need for a dynamic balance
of multiple growth and loss terms, with the observation in many natural environ-
ments of phytoplankton populations which are well approximated by the ‘Law of
the Minimum’ (de Baar, 1994).

Model simulation

The model was run to simulate plankton population dynamics in the oceanic
mixed layer at Bermuda Station ‘S’ (32º109N, 65º309W) and OWS ‘India’ (59ºN,
19ºW). Depth and seasonally changing mixing rates (Kz) were simplified to a
seasonally varying mixed layer depth [determined using climatic monthly averages
(Fasham et al., 1990)], and a fixed exchange rate, De (m s–1), with the bottom water.
Light was assumed to consist of 41 discrete wavelengths, at 10 nm intervals, from
300 to 700 nm. The spectrally resolved incoming solar radiation at the top of the
atmosphere (Figure 3) was attenuated through the atmosphere by the sum of a
spectrally resolved cloudless atmosphere transmission coefficient, t (airmass–1)
(Figure 3), and an average attenuation rate characteristic of shortwave radiation
through 4 otkas of cloud (Smith and Dobson, 1984). Azimuth angle is a function
of latitude, day and hour (Brock, 1981), and is used to determine the intensity of
solar radiation at the top of the atmosphere, and the angle (and hence pathlength)
of light through the atmosphere. Light scattering in the atmosphere is not
considered. At the sea surface, a fraction of the light is reflected, and the rest
refracted (Kirk, 1994). The pathlength of the beam through the water medium is
calculated from the refracted angle, and a correction made [equations (23–26)] to
account for scattering within the water. Nitrate was assumed to be the only limit-
ing nutrient species, with a concentration below the mixed layer of Nb = 2 and 12
mol m–3 at Bermuda and OWS ‘India’, respectively. A summary of all the
parameters used to specify environmental conditions appears in Table VIII.

Pigment concentrations and dimensions of eight phytoplankton species, and
the dimensions, swimming velocity and feeding strategies of eight herbivore
species are summarized in Tables IX, X and XII, respectively. Size-dependent
general relationships are also given (Tables XIII and XIV). The model was run
with just two phytoplankton species, Skeletonema costatum and Phaeodactylum
tricornutum, and two spherical (r = 10 and 20 mm) herbivores based on general
relationships. The phytoplankton species were chosen because of their common
use in plankton studies. The cyanobacterial species were not chosen because of
the order of magnitude increase in computational time resulting from the very
dynamic behaviour of their internal quotas of nutrients: a result of having a large
surface area to volume ratio. Herbivores based on general relationships were
used because of the lack of data on yield and growth rates.

By simplifying Kz to a seasonally varying mixed layer and a fixed exchange rate
with the water below the mixed layer, the model equations reduced to a system
of ODEs. The ODEs are integrated forward in time using MATLAB with an
adaptive step-size, 4th–5th order Runge–Kutta–Fehlberg integration scheme
(Hoffman, 1992) requiring an accuracy on all state variables of:
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Table VIII. Environmental parameter values and range for simulation of Bermuda Station ‘S’, 32ºN
and OWS ‘India’, 59ºN. KE = kinetic energy. References: e (Lazier and Mann, 1989); De, Nb (Strass
and Woods, 1991; Taylor et al., 1997); v, DN (Li and Gregory, 1974); rwater (Pond and Pickard, 1983);
bw (Kirk, 1994); g1, g2 (Kirk, 1991). Refractive index of air/water interface = 1.341 (Kirk, 1994).
Fundamental physical constants used (Atkins, 1994): Avogadro constant Av = 6.02214 3 1023 mol–1;
Boltzmann constant kB = 1.38066 3 10–23 J K–1; Planck constant h = 6.62608 3 10–34 J s; Universal gas
constant R = 8.31451 J K–1 mol–1

Parameter Symbol Units Bermuda OWS India Oceanic range

Mean dissipation of e 103 W m–3 10–7 10–6–10–9

turbulent KE = m2 s–3

Nitrate below Nb mol m–3 2 3 10–3 12 3 10–3 2–15 3 10–3

Gravity g m s–2 9.80665 ± 0.02
Salinity S ‰ 35 33–37
Cloud fraction C otkas 4 0–8
Scattering coefficient bw m–1 0.05 0.02–0.3

of water
Scattering g1 – 0.5 0.29–0.58

coefficients g2 – 0.2 0.13–0.23
Eddy diffusivity De m s–1 6.66 3 10–6 0.6–20 3 10–6

Temperature T K 293 278 273–298
Molecular diffusivity DN m2 s–1 17.27 3 10–10 13.44 3 10–10 9.8–19 3 10–10

of nitrate
Kinematic viscosity v m2 s–1 1.085 3 10–6 1.394 3 10–6 1.8–0.8 3 10–6

Density of water rwater kg m–3 1024.4 1026.6 1030–1000

Table IX. Scattering coefficient, b, and pigment concentrations in phytoplankton species. NS93,
Nielsen and Sakshaug (1993); BDC96, Brunet et al. (1996); GOR85, Geider et al. (1985); K94, Kirk
(1994); FDW85, Falkowski et al. (1985); JW94, Jeffery and Wright (1994); GHD92, Goldman et al.
(1992); MAPVC93, Morel et al. (1993); ND, no data. Scattering coefficients from Morel and Bicaud
(1986). If b for a species was unknown, diatoms were assumed to have b = 0.5 m2 mg (Chl a)–1 based
on S.costatum, and cyanobacteria b = 0.2 m2 mg (Chl a)–1 based on Synechocystis sp.

Phytoplankton species b Pigment concentrations References
[m2 mg (Chl a)–1] [106 mg (pig) m–3]

———––———————————
Chl a Chl b Chl c Carot.

Skeletonema costatum 0.535 6.0 – 1.9 4.3 NS93,BDC96a,b

Phaeodactylum tricornutum 0.5 4.8 – 1.2 9.7 GOR85,K94a,b

Isochrysis galbana 0.066 4.3 – 1.3 5.1 FDW85,JW94b

Dictylum brightwelli 0.5 0.088 – 0.029 0.037 JW94a,c

Emiliania huxleyi 0.587 0.22 – 0.083 0.33 JW94a

Stephanopyxis palmeriana 0.5 0.30 – 0.064 ND GHD92,JW94d

Synechococcus sp. 0.2 3.0 – – 2.0 MAPVC93
Prochlorococcus marinus 0.2 9.4 8.2 – 3.6 MAPVC93

aConcentrations reported in mg (pig) cell–1, and converted to mg (pig) m–3 using cell volume calcu-
lated from dimensions given in Table X.
bAccessory pigment concentration calculated from a separate study giving the ratio of the concen-
tration of Chl a to accessory pigment.
cUsing ratios of the molecular weight of Chl a and Chl c from Geider and Osbourne (1992).
dUsing Stephanopyxis turris to determine Chl c concentration.



Q1,1
max

^ Q1,p
max

Error < 0.1 min 3 : ^ : 4 (62)
Qn,1

max
^ Qn,p

max

Phytoplankton populations were converted to units of mg (pig) m–3 by:

p
CT,b = o Cj,bAvPjVj (63)

j = 1

where CT,b is the total concentration of pigment b due to all phytoplankton cells.
A Bermuda simulation was run for 10 years, at which point it had reached a

stable annual cycle, and results graphed for years 8, 9 and 10 (Figure 12). An India
simulation was run for 40 years, without reaching a stable annual cycle. Years 18,
19 and 20 are graphed (Figure 13), as they are representative of the small amount
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Table X. Taxa, shape and dimensions of phytoplankton species. PG75, Pasciak and Gavis (1975);
SKA89, Sakshaug et al. (1989); WR97, Wolf-Gladrow and Riebesell (1997); FDW85, Falkowski et al.
(1985); PCC, Plymouth Marine Laboratory (1990b); GHD92, Goldman et al. (1992); BW85, Bold and
Wynne (1985); MAPVC93, Morel et al. (1993). Dimensions were obtained by: 2all dimensions given
in reference; 3equivalent spherical diameter or volume given by first reference dimensions inferred by
image in second reference; 4equivalent spherical diameter given by reference, and without further
information, shape assumed to be sphere; 5ratio of radii assumed to be in direct proportion to
Synechococcus sp.

Phytoplankton species Taxa Shape r1, r2, r3 (mm) References

S.costatum Diatom Prolate 4, 2, 2 PG75,SKA892

P.tricornutum Diatom Ellipsoid 12.5, 1.5, 1 WR972

I.galbana Haptophyte Prolate 3.5, 1.9, 1.9 FDW85,PCC3

D.brightwelli Diatom Prolate 75, 25, 25 PG752

E.huxleyi Haptophyte Sphere 5, 5, 5 PCC4

S.palmeriana Diatom Prolate 80, 32, 32 GHD92,BW853

Synechococcus sp. Cyanobacteria Prolate 1.35, 0.27, 0.27 MAPVC93,BW853

P.marinus Cyanobacteria Prolate 0.83, 0.17, 0.17 MAPVC935

Table XI. Species-specific grazing yields. Yj,k
–1, reciprocal of the grazing stoichiometry coefficient [cell

(Pj) cell (Hk)–1] calculated during exponential growth in batch culture. ND, no data; X, outside food
range; B1, unidentified Gram-negative, motile, rod-shaped bacterium (0.8 3 1.4 3 1.8 mm) with a
volume of ~0.67 mm3; B2, Escherichia coli strain x-1488, with assumed dimensions (0.6 3 0.6 3 0.6
mm) and volume 0.13 mm3

Yj,k
–1 B1 B2 P.tricornutum I.galbana

Monosiga sp.a ND 300 X X
Ciliophrys marinaa ND ND X X
Codosiga gracilisb 3989 ND X X
Favella sp.a ND ND ND ND
Paraphysomonas imperforataa,b 208 ND 78 34
Stephanoeca diplocostatab 733 ND X X
Bodo designisb 693 ND X X
Jakoba liberab 96 ND X X

References: aShimeta et al. (1995); bEccleston-Parry and Leadbeater (1994).



of interannual variability that persisted throughout the simulation. In both simu-
lations, the populations of S.costatum and the 10 mm herbivore persisted, while
P.tricornutum and the 20 mm herbivore populations became vanishingly small.
Interestingly, an India simulation run with only one phytoplankton species,
P.tricornutum, produced a choatic (or periodicity > 40 years) output, but retained
strong annual trends such as the spring bloom.
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Table XII. Constants used to describe herbivore species. SJL95, Shimeta et al. (1995); EL94,
Eccleston-Parry and Leadbeater (1994). Encounter mechanisms (Enc. mech.): RW, random walk, or
diffusion; DI, direct interception, solved using rectilinear encounter rate coefficient; FF, filter feeder,
solved using curvilinear encounter rate coefficient. Dimensions include any organic envelope (lorica)
surrounding the cell. Dimensions were obtained by: 1all dimensions given in reference; 2equivalent
spherical diameter or volume given by reference and dimensions inferred from schematic in reference;
3equivalent spherical diameter given by reference, and without further information, shape assumed to
be sphere. For FF, a volume clearance rate (m3 s–1) given in the literature is converted to a product of
a filter cross-sectional area (m2) [based on marked (*) dimensions] and a swimming velocity (m s–1),
and the swimming velocity is then used in the rectilinear coagulation formulae

Herbivore Shape r1, r2, r3 Growth Enc. Swim Prey References
species (mm) rate mech. speed range

(d–1) (mm s–1) (mm)

Monosiga sp. sphere 3 3 3 1.6 FF 30 bacteria SJL953

C.marina sphere 65 65 65 1.1a RW 0 bacteria SJL953

Favella sp. oblate 175 175 100 0.82 FF 1000 any algae SJL951

P.imperforata sphere 4 4 4 5.0 DI 42 0.5–200 EL942

S.diplocostata cone 10 5* 5* 0.84 FF 178 bacteria EL942

B.designis prolate 5 1.6 1.6 3.8 DI 80 bacteria EL942

J.libera prolate 6 1.7 1.7 0.86 DI 19 bacteria EL942

C.gracilis prolate 4 2.2* 2.2* 1.2 FF 215 bacteria EL942

aGrowth rate based on Ciliophrys infusionum (Hansen et al., 1997).

Table XIII. General relationships used to calculate size-dependent phytoplankton parameter values.
Vj = volume of species j (m3); QN,j

max = maximum internal quota of nitrate in species j; qj
max = maximum

internal quota of energy in species j; rj = absolute density of species j; Uswim,j = swimming velocity of
species j; mj

m = maximum growth rate of species j; Ea,j = activation energy of species j converted (Raven
and Geider, 1988) from literature values of Q10 = ratio of reaction rates at T + 10 and T; Tref,j =
temperature of maximum growth rate of species j; aj = growth efficiency of species j; mi,j =
stoichiometric ratio of reactant i in growth of species j; assumed to fit the Redfield ratio. (C:Chl a)j =
molecular ratio of carbon to Chl a of species j

General relationship for phytoplankton Units Reference

QN,j
max = 1.38 3 103 Vj mol (QN) cell–1 Straile (1997)

mIqj
max = —–Qmax

N mol (q) cell–1 –
mN

rj = rwater + 0.0369 Vj
–0.28 kg m–3 Kiørboe (1993)

Uswim,j = 3.57 3 10–3 Vj
0.26/3 r2 = 0.38 m s–1 Sommer (1988)

mj
m = 8.06 3 10–8 Vj

–0.15 r2 = 0.34 n = 126 s–1 Tang (1995)
Ea,j = 5.4 3 104 (Q10 = 2.1) J mol–1 Raven and Geider (1988)
Tref,j = T K (Table VIII)
aj = 0.75 – –
mI:mC:mN:mP = 848:106:16:1 – Kirk (1994)
mi,j = AvQi,j

max mol (Qi,j) mol (Pj)–1 –
(C:Chl a)j = 50 – Fasham et al. (1990)



Discussion

Choice of plankton interactions

The model equations (Table VII) do not contain a number of processes that are
typically included in plankton population studies. Fasham et al. (1990), for
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Fig. 12. Simulation of plankton population dynamics in the oceanic mixed layer at Bermuda (32ºN,
65ºW), graphing years 8, 9 and 10. (A) Nutrient and population dynamics: nitrate [mol (NO3

–) m–3];
phytoplankton [mol (cell) m–3]; herbivores [mol (cell) m–3]. (B) Dynamics of the physiological state
of organisms, graphing internal nutrient quota, Q (% of Qmax), and energy quota, q (% of qmax). (C)
Chl a concentration dynamics [equation (63)]. Note from (B) that nutrient is always more limiting
than light.

Table XIV. General relationships used to calculate size-dependent herbivore parameter values. Vk =
volume of species k (m3); Uswim,k = swimming velocity of species k; mk

m = maximum growth rate of
species k; Ea,k = activation energy of species k converted (Raven and Geider, 1988) from literature
values of Q10 = ratio of reaction rates at T + 10 and T; Tref,k = temperature of maximum growth rate
of species k; rk = density of species k

General relationship for herbivores Units Reference

rk = rwater kg m–3 –
mk

m = 2.40 3 10–8 Vk
–0.21 r2 = 0.69 n = 69 s–1 Hansen et al. (1997)

VjYj,k = 0.33 —– ± 0.032 SE n = 33 predator prey–1 Hansen et al. (1997)
Vk

Uk,swim = 1.97 3 10–2 Vk
0.20 n = 39 m s–1 Hansen et al. (1997)

Ea,k = 7.1 3 104 (Q10 = 2.8) J mol–1 Hansen et al. (1997)
Tref,k = T K (Table VIII)



example, have detrital, dissolved organic nitrogen and bacteria state variables, and
include processes of respiration, regeneration and mortality in their description of
phytoplankton and zooplankton. Furthermore, theoretically analysed plankton
processes described in the literature, but not utilized in this paper, include: sinking
of biological populations, as a function of formation rates of ‘marine snow’
(Jackson, 1995); intra-species interactions, behaviours, histories or adaptations
(McGillicuddy, 1995); action of pathogens (Suttle et al., 1990) or chemical toxicity
(Sunda and Huntsman, 1996) on biological populations; scavenging of microscopic
organisms by aeration, and transport to the atmosphere (Blanchard, 1989); spatial
heterogeneity of plankton populations (Piontkovski et al., 1997); more compli-
cated food chains including carnivores and cannibals (Fasham et al., 1990) or
mixotrophs (Raven, 1997); organization of fluid mixing such as Langmuir cells
(Bees et al., 1998); and internal cell processes (Flynn et al., 1997).

Simply, it was decided to include only the most basic and well-understood
processes required to formulate a plankton population model. Inclusion of
processes which could not be constrained by physical laws would make it difficult
to assess the value of the theoretical approach adopted in this paper. For example,
a theoretical understanding of mixing and grazing processes allows a reasonable
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Fig. 13. Simulation of plankton population dynamics in the oceanic mixed layer at OWS ‘India’ (59ºN,
19ºW), graphing years 18, 19 and 20. (A) Nutrient and population dynamics: nitrate [mol (NO3

–) m–3];
phytoplankton [mol (cell) m–3]; herbivores [mol (cell) m–3]. (B) Dynamics of the physiological state
of organisms, graphing internal nutrient quota, Q (% of Qmax), and energy quota, q (% of qmax). (C)
Chl a concentration dynamics [equation (63)]. Note from (B) that light is always more limiting than
nutrient, except during the spring bloom.



estimate of resulting phytoplankton loss terms. However, estimates of another
phytoplankton loss term, cell mortality, are poorly constrained. By not including
poorly estimated processes, the simulation assesses whether the present theor-
etical understanding of plankton processes is sufficient to model plankton popu-
lation dynamics.

Considerations of scale

The model equations have been formulated at the scale of the individual plank-
ton cells. It is not possible to use the theoretical approach of this paper on larger
scales such as phytoplankton biomass. Of course, there are a variety of scales
smaller than the cell that could have been chosen (i.e. cell organelles, molecules,
atoms, etc.). A quick comparison follows of the outputs of some of the mechan-
istic functional forms based on the individual to the output from functional forms
based on a variety of smaller scales.

For light capture, the packaging of pigments into chloroplasts within cells has
the potential to decrease light capture compared to the assumed uniform concen-
tration of pigment within the cell. To test this, a hypothetical cell, A, of uniform
pigment concentration can be compared to another cell, B, with the same quan-
tity of pigment packaged into only one-third of the cell volume, although this one-
third is spread evenly throughout the cell. Taking a sphere (r = 5 mm) with average
Chl a concentration 106 mg (Chl a) m–3, analysing a light beam of l = 435 nm (Chl
a’s peak absorbance) and intensity Iincident = 100 W m–2: gC

—–
A,435 = 7.59 3 104 m–1

[equation (16)]; aA
—–

A,435 = 3.04 3 10–11 m–2 (Table IV), so IA,attenuated = 3.04  3 10–9

W [equation (17)]. For cell B [which would attenuate light at the same rate as a
sphere r = 5 3√1/3

—–
mm, average Chl a concentration = 3 3 106 mg (Chl a) m–3],

gC
—–

B,435 = 2.28 3 105 m–1; aA
—–

B,435 = 2.36 3 10–11 m–2 and IB,attenuated = 2.36 3 10–9

W, a 30% difference. For a sphere, r = 1 mm, but otherwise the same parameters
as above, the difference is only 6%. The larger, more spherical, more concen-
trated pigments are within the cell, and the higher gC

—–
, the worse the approxi-

mation of uniform pigment distribution becomes. For the purposes of this study,
using primarily small phytoplankton cells, and considering light absorbed over
the whole photosynthetic band, the choice of the individual as the scale of light
capture is sufficient.

For nutrient uptake by diffusion, it has been shown (Berg and Purcell, 1977)
that the number and distribution of nutrient uptake sites on a cell surface are such
that the assumption of uniform cell wall concentration (and hence the individual
as the smallest necessary scale) used in calculating nutrient flux is justified for
algal cells. For convective fluxes, the correlations used (Table III) are based on
whole particles, and can only be used to determine the average convective flux to
the whole cell surface.

Choosing the individual as the scale for the ‘chemical reaction’ of growth
cannot be verified in as simple a manner as for the mechanistic functional forms
above. Nonetheless, it allows use of internal quotas with mechanistic uptake
rates, and appears to capture much of the behaviour of cell populations. Mechan-
istic functional forms for encounter and sinking rates are clearly based on the
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assumption that the individual is the relevant scale, and cannot be easily formu-
lated on a different scale. A significant disadvantage of choosing the scale of the
individual is that the processes modelled occur at small time scales. For example,
it can take only minutes for a phytoplankton cell to become nutrient saturated,
so the maximum time step in the numerical integration must be an equivalent
size. Despite the resulting increase in computation time, the individual appears
to be a good choice of scale for modelling plankton population dynamics.

The mechanistic functions

Functions which describe underlying physical mechanisms should provide better
estimates of the rates of plankton interactions. Parameters determined in
controlled laboratory environments are likely to be both more accurate and
more precise than field estimations and, in general, physical parameters can be
estimated more accurately and more precisely than biological parameters. When
compared to non-mechanistic functional forms, mechanistic functional forms are
typically based on a higher proportion of physical parameters than biological
parameters. Furthermore, at the chosen scale of the individual cell, the source
of parameter values inevitably becomes the laboratory. Since the laboratory
environment (such as a chemostat) is still large compared to the organism,
laboratory constants for use in mechanistic functional forms are applicable to
field environments. This is not necessarily true of physical processes in the ocean,
such as mixing, which occurs on a range of scales, some many orders of magni-
tude bigger than laboratory flows. Ironically, it may turn out that the modelling
strategy of using mechanistic functional forms and laboratory-determined
constants is better suited to biological models than physical models of the
oceans.

From the above arguments, it should be expected that mechanistic functional
forms will be more constrained than non-mechanistic functional forms. As an
example, the nutrient uptake term [equation (15)] contains three laboratory-
determined physical constants (c, D and Sh) and one laboratory-determined
biological parameter (Qmax), while the more commonly applied Michaelis–
Menton uptake term [equation (11)] has two field-determined biological
parameters (V and K). D is known to three decimal places (Li and Gregory, 1974),
c is exact for a known cell geometry, and for cell geometries for which Sh has
been measured or theoretically derived Sh is 6 10%. Laboratory measurements
of Qmax are also likely to be within 10%. Non-mechanistic, biomass models rely
on field estimates of V and K which have literature values varying by a factor of
5 and 104 (Yool, 1997), respectively.

Much of the variation in field-determined biological parameters such as V is a
result of the inability of non-mechanistic functional forms to include explicitly the
effects of environmental conditions on the processes they describe (the other main
source of uncertainty being sampling logistics). Mechanistic functions allow a more
complete description of the effects of environmental factors on plankton than would
a biomass model. Examples of this include: (i) the effect of small-scale turbulence
being incorporated into nutrient uptake and grazing using Sh and f, respectively;
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(ii) the variation in ‘particle effect’ (Kirk, 1994) due to different wavelengths of light
in the environment; and (iii) the effect of temperature on molecular diffusivity and
viscosity being included in nutrient uptake and encounter rates.

Realizing the advantages of mechanistic functions relies on the correct appli-
cation of physical laws, and significantly increased computing power. While
computing power is expected to continue to increase, few mechanistic forms have
been tailored specifically for plankton population dynamics, and gaps exist in the
presented mechanistic model. In particular, the presented mechanistic theory of
plankton interaction rates is incomplete for: determination of the encounter rate
coefficient, f, for non-spherical plankters; Sherwood numbers, Sh, for non-
spherical plankters in shear and turbulent flows; and consideration of the effect
of swimming methods on the local flow field.

Comparison with data, Fasham et al. (1990) and Fasham (1993)

The model presented has similar solar irradiance (albeit spectrally resolved) and
mixing functions as Fasham et al. (1990) and Fasham (1993). However, while the
Fasham models use empirical function forms based on field-measured (or esti-
mated) parameters to describe plankton interactions, the presented model uses
primarily mechanistic functional forms based on laboratory-determined
parameters, sourced from studies performed independently of the modelling
exercise. The simplification of the mixing equations [equations (52) and (53)] to
ODEs resulted in a single environment. Given a single environment, it is not
surprising that only one species of phytoplankton and herbivore persisted. In the
real ocean, light, nutrient and turbulence vary in both the horizontal and vertical
directions. The world’s oceans contain thousands of plankton species. Simu-
lations with space resolved at least vertically will be required to assess whether a
mechanistic model such as the one presented can sustain a large variety of plank-
ton species. Interestingly, another result of using a zero-dimensional model was
that light capture by phytoplankton cells became independent of either the angle
of light propagation through the water column, or the scattering characteristics.
This is due to light being ‘limiting’ only in the winter, when light out of the mixed
layer is small compared to the incident light on the upper surface of the layer, and
is only negligibly decreased by an increase in pathlength due to scattering or
azimuth angle.

OWS India simulation. The Fasham (1993) model OWS India simulation was
compared to data from 1972 [Figure 10 in Fasham (1993)], part of a 5 year time
series (Plymouth Marine Laboratory, 1990a). The 5 year data set showed
considerable yearly variation in the size and frequencies of plankton blooms. The
presented model (Figure 13) and Fasham (1993) appeared to capture much of the
behaviour of phytoplankton and nutrient dynamics, although only the simulation
run using only one phytoplankton species, P.tricornutum, showed significant
yearly changes in size and frequency of plankton blooms.

Bermuda. The Fasham et al. (1990) model Bermuda simulation was compared to
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data from 1958–60 [Figure 5 in Fasham et al. (1990)]. Neither the presented model
(Figure 12) nor the Fasham et al. (1990) model captured the seasonal variation in
nitrate or phytoplankton population. Both models overestimated the summer
chlorophyll concentrations. This may be a result of the existence of deep-
chlorophyll maxima in low latitudes, or horizontal advection associated with the
Gulf Stream, phenomena which cannot be modelled with a zero-dimensional
model. At Bermuda, where loss of scalars such as herbivores is less than at OWS
India, introduction of an additional loss term to herbivores, such as cell mortal-
ity, sinking or vertical migration, may improve the simulation. Introduction of
such terms into a mechanistic model, however, would require a better under-
standing of the underlying processes involved.

For the oceanic mixed layer at Bermuda and OWS India the presented model
performance was similar to the Fasham models. This result was achieved with a
model based on primarily laboratory-determined constants, and a small number
of well-constrained environmental parameters (Table VIII). Of the environ-
mental parameters, only the deep water nutrient concentration, Ni,b, would not
be an output of a three-dimensional coupled atmospheric–ocean turbulent
closure mixing model forced by a spectrally resolved solar radiation algorithm.
Considering the variety of oceanic environments, and the costs of field sampling
programmes, a model based almost entirely on laboratory-determined constants
rather than field-determined parameters may be able to justify the significant
number of laboratory experiments (to obtain parameters from a wider variety 
of marine plankton species) and computational overheads (required to run 
three-dimensional models), which make such a three-dimensional mechanistic
model simulation more costly than a simple empirical plankton population model
simulation.

In conclusion, this paper has worked towards a plankton population model
constructed using mechanistic functional forms only. The mechanistic approach
necessitated the modelling of plankton interactions on the scale of individual
plankton cells, and inevitably led to the use of laboratory-determined constants.
This appears to provide a way around the problem of uncertainties in field-
determined parameters and arbitrary choices of functional forms that reduce the
predictive power of many plankton models. The model is ideally suited to being
coupled to a multi-layer turbulent closure mixing model. Such a coupled model,
though computationally intensive, would only require inputs of deep water nutri-
ent concentrations, laboratory-determined constants and an initial variety of
plankton species.
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