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a b s t r a c t

A size-resolved pelagic ecosystem model is developed using descriptions of physical lim-

its to biological processes and allometric relationships to determine physiological rates.

The model contains three functional groups: phytoplankton, protozoans and metazoans—

requiring three separately resolved size distributions. Within each functional group the

size-resolution of the model can be altered without changing the model parameters, which

are the coefficients of the allometric relationships, or changing the model equations, which

are characteristic of each functional group. This approach allows the number of size-classes

to be varied, and for a convergence of output with increasing resolution to be achieved.

In this paper, a biological configuration is analysed composed of 62 size-classes doubling in

biomass between classes and ranging in volume over 19 orders of magnitude from 0.32 �m3,

representative of the cyanobacteria Prochlorococcus sp., to 2.05 × 1018 �m3, representative of

a metazoan size-class with an equivalent spherical radius of 78.8 cm. The phytoplankton

size-classes extend through the first 17 size-classes, protozoan from the 9th to 21st, and

metazoan from the 18th to 62nd. The size-resolved model is coupled to a 1D model of

the oceanic mixed layer. Numerical experiments show the size-resolved model is relatively

insensitive to size resolution and higher order closure terms with the 62 size-class con-

figuration, but is sensitive to initial conditions. The model output is most sensitive to the
parameter describing the smallest size-class of prey available to a metazoan predator, and

the nitrogen content of a phytoplankton cell. The concentration of DIN and biomass of

protozoa are in general the most sensitive model outputs. These experiments provide a

background understanding for further application of the size-resolved pelagic ecosystem

model.
. Introduction

elagic ecosystems consist of planktonic organisms of a range
f sizes, the distribution of which has general trends through-
ut the world’s oceans (Sheldon et al., 1972). These trends led

ceanographers to routinely take size-based measurements
f biota and to analyse the distribution of biomass with size.
his methodology of analysis, called the biomass spectrum,
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has now been applied for over 25 years (Platt and Denman,
1977; Silvert and Platt, 1978; Heath, 1995; Zhou and Huntley,
1997; Kerr and Dickie, 2001).

The dependence of physiological rates on body size has

been observed throughout the animal kingdom (Fenchel, 1974;
Peters, 1983) and is known to be important in planktonic
communities (Platt and Denman, 1977). The size-based depen-
dence of planktonic interactions is also well documented,

mailto:m.baird@unsw.edu.au
dx.doi.org/10.1016/j.ecolmodel.2006.11.025
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and includes studies on nutrient uptake (Hein et al., 1995),
light capture (Morel et al., 1993), growth (Gillooly, 2000), graz-
ing selection (Caparroy et al., 2000), grazing rates (Hansen
et al., 1997), sinking (Kiørboe, 1993), swimming (Sommer,
1988), and copepod fecundity (Kiørboe and Sabatini, 1995). The
size-structure of planktonic communities arises from an inter-
action of size-dependent physiological rates and planktonic
interactions (Hansen et al., 1994; Kerr and Dickie, 2001).

The dynamic modelling of pelagic ecosystems has tradi-
tionally been based on food webs with fixed trophic positions
(Steele and Henderson, 1981; Fasham, 1993; Taylor and
Stephens, 1993), a history of which is detailed in Gentleman
(2002). Recently, trophic modelling has been extended to
include multiple size classes, with ecological parameters esti-
mated from size-based studies (Moloney and Field, 1991; Gin et
al., 1998; Armstrong, 1999, 2003). These size-structured models
are an important step to including the effects of plankton size
in pelagic ecosystem models. However, size-structured trophic
models do not intrinsically incorporate a major paradigm of
biological oceanography: namely that as a first approximation,
the rate of physiological processes and planktonic interactions
of a particular organism depends more on its size than on the
trophic position of the adult stage. Using such an approxima-
tion, a 3 mm fish larvae will have a diet, predators, swimming
speeds and physiological rates more in common with a 3 mm
adult copepod than with its own 30 cm adult form. Further-
more, the choice of a finite set of classes in a size-structured
model determines the model equations and parameter values
that are used. The ability of a size-structured model to investi-
gate the effects of size therefore depends on changing the set
of model equations.

This paper formulates an ecosystem model, which focuses
on plankton size as the primary underlying influence on
ecosystem structure. The formulation of the model, and the
determination of the parameter values, is independent of the
actual size-classes which are used to implement the numer-
ical solution of the model. The number of size-classes is
determined by the model resolution rather than the model
structure, and as such the pelagic ecosystem model will be
referred to as a size-resolving pelagic ecosystem model, bor-
rowing from the terminology of spatially resolved in the
hydrodynamic modelling literature.

In order to achieve a size-resolved model, three funda-
mental changes will be made when compared to existing
size-structured trophic models. Firstly, following Baird and
Emsley (1999) and Baird et al. (2004), physical descriptions of
planktonic interactions will be used to explicitly represent the
size-dependencies of limiting physical processes to ecological
interactions. Physical descriptions include, for example, cal-
culating the encounter rates of predators and prey based on
the physical properties of the fluid and the geometric prop-
erties of the organism (Jackson, 1995). Secondly, physiological
rates are calculated from allometric relationships found in the
literature. In one sense, the parameter values of the model
become the coefficients in the allometric relationships them-
selves, and are therefore independent of the size-resolution

used in the model. Thirdly, a distinction is made in the model
between animals that reproduce through division, the proto-
zoa, and those that grow between different life stages, the
metazoa. The consideration of the flux of biomass through
2 0 3 ( 2 0 0 7 ) 185–203

metazoan size-classes due to the growth of individuals is a
fundamental aspect of the biomass size spectra from which
this paper borrows a number of ideas.

In this paper, a size-resolved pelagic ecosystem model
framework is developed using physical descriptions of limits
to biological processes and allometric relationships to deter-
mine physiological rates. A biological grid is outlined that
contains 62 size-classes. The grid extends from 0.32 �m3,
representative of the cyanobacteria Prochlorococcus sp., to
2.05 × 1018 �m3, representative of a metazoan size-class with
an equivalent spherical radius of 78.8 cm. The size-resolved
model is coupled to a 1D physical model of the ocean mixed
layer. Numerical experiments are used to investigated the sen-
sitivity of the model output in the surface mixed layer to (1)
initial conditions, (2) size resolution, (3) the metazoan largest
size-class boundary (or the higher order closure terms), and
(4) the allometric relationships that determine physiological
rates and planktonic interactions.

2. The physical model

The physical model is a 1D configuration of the Princeton
Ocean Model (POM) which has a free surface and solves the
non-linear primitive equations on sigma coordinates using
finite difference methods (Blumberg and Mellor, 1987). As
such, the model allows only vertical mixing forced by a sinu-
soidally oscillating wind with a strength varying between
−0.05 and 0.05 Pa over a 3-day period. The vertical profile for
vertical diffusivity, turbulent dissipation rate, solar radiation
and wind-driven velocity over a 4-day period (200 days after
the simulation begins) are given in Fig. 1. The light values can
be seen to repeat each day, while the mixing and turbulence
parameters undergo a 3-day oscillation in accordance with
the 3-day period of the wind stress. The wind-driven veloc-
ity induces a velocity shear that affects the calculation of the
turbulence state variables such as vertical diffusivity and tur-
bulent dissipation rate, but there is no advection in the model.

The physical model is a 1D version of the configuration
described in greater detail in Baird et al. (2004).

3. The size-resolved pelagic ecosystem
model

The size-resolved model is first presented as a set of equa-
tions describing the phytoplankton, protozoan and metazoan
groups. The phytoplankton growth equations look similar
to the NPZ model of Baird et al. (2004), as the differential
equations at any size depend only on the properties of the
phytoplankton at that size, and the nutrient concentration. In
contrast, the protozoan and metazoan predation terms and
the metazoan growth terms depend on a range of sizes. To be
formulated in the continuous form, they look quite different
to the size-structured trophic models, and have more simi-
larities with the biomass size spectrum literature (Silvert and

Platt, 1978; Zhou and Huntley, 1997).

The model is integrated by resolving the phytoplankton,
P, into P size-classes, P1, P2, . . . , PP, the protozoan into Z size-
classes, Z1, Z2, . . . , ZZ, and the metazoan, G, into G size-classes,
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ig. 1 – The vertical diffusivity, dissipation rate of turbulent
un at the surface, and the wind driven horizontal velocity t

1, G2, . . . , GG. The state variables Pn, Zn and Gn have units of
ol N m−3. The phytoplankton have an associated state vari-

ble for the nitrogen reserves, RN,1, RN,2, . . . , RN,P and energy
eserves, RI,1, RI,2, . . . , RI,P, which have units of mol N cell−1

nd mol photon cell−1, respectively. Fig. 2 illustrates the inter-
ctions between phytoplankton, protozoa and metazoa, with
he individual terms for 8th phytoplankton class, 4th proto-
oan class and the 5th metazoan class in the 62 size-class
onfiguration.

The protozoa and metazoa are defined by a variety of
haracteristics (Marshall and Williams, 1972). Naturally, the
odel must represent functional groups in restrictive ways

hat represent only an abstraction of the complexity associ-
ted with the natural assemblages of organisms. In the model,
he protozoa reproduce by division and do not vary in size
hroughout their life-cycle. In contrast, the metazoa develop
rom an embryotic stage through approximately two orders of

agnitude of length to the adult size, and involves, for the
rganisms considered here, the broadcasting of eggs. In terms
f the model, growth of protozoa does not involve movement
f mass to larger size-classes, while metazoan growth does.
he following section describes the size-resolved terms for
hytoplankton, protozoan and metazoan organisms.

.1. Phytoplankton growth
he local rates of change of dissolved inorganic nitrogen (DIN),
, phytoplankton biomass, P, and the reserves of nitrogen,

N, and energy, RI for the growth of phytoplankton within the
ass range m − �m and m + �m [mol N cell−1], where �m is
tic energy, solar radiation as a percentage of the midday
orce the biological model.

small, are given by:

∂N

∂t
= −

∫ m+�m

m−�m

kN(m′)

(
Rmax

N (m′) − RN(m′)
Rmax

N (m′)

)
P(m′)
mP,N

dm′

︸ ︷︷ ︸
uptake by phytoplankton between m−�m and m+�m

(1)

dRN(m)
dt

= + kN(m)

(
Rmax

N (m) − RN(m)

Rmax
N (m)

)
︸ ︷︷ ︸

DIN uptake of size-class m

− �max
P (m)(mP,N + RN(m))

RN(m)
Rmax

N (m)
RI(m)

Rmax
I (m)︸ ︷︷ ︸

loss to phytoplankton growth of size-class m

(2)

dRI(m)
dt

= + kI(m)

(
Rmax

I (m) − RI(m)

Rmax
I (m)

)
︸ ︷︷ ︸

light capture of size-class m

− �max
P (m)(mP,I + RI(m))

RN(m)
Rmax

N (m)
RI(m)

Rmax
I (m)︸ ︷︷ ︸

loss to phytoplankton growth of size-class m

(3)

∂

∂t

∫ m+�m

P(m′) dm′

m−�m

= +
∫ m+�m

m−�m

�max
P (m′)

RN(m′)
Rmax

N (m′)
RI(m′)

Rmax
I (m′)

P(m′) dm′

︸ ︷︷ ︸
growth by phytoplankton between m−�m and m+�m

(4)
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Fig. 2 – Schematic of the size-resolved biological model. The phytoplankton and protozoan groups divide, as represented by
the arrow turned on itself. Growth of individuals between metazoan size-classes is represented by dashed arrows, while
spawning of eggs by metazoa is represented by dot-dashed lines. All other lines are predation terms. In the top schematic,
predation is limited to just two size-classes of predators within each functional group, although the 62 size-class
configuration typically has 9–11. In the lower schematic, all interactions are given for the 8th phytoplankton class, 4th
protozoan class and the 5th metazoan class in the 62 size-class configuration. The largest 15 metazoans have unresolved

loss
loss terms, which are modelled implicitly using a quadratic
nitrogen pool.

where kN and kI are the maximum rates of DIN and energy
uptake of phytoplankton, respectively (and are a function
of N and incident light, respectively), Rmax

N and Rmax
I the

maximum values of RN and RI, respectively, and �max
P is

the maximum growth rate of phytoplankton. The local time
derivatives of N and P have units of mol N m−3 s−1, while RN

has units of mol N cell−1 s−1, and RI has units of mol photon
cell−1 s−1.
For comparison, a commonly used alternate term for quan-
tifying nitrogen reserves is total algal nitrogen or the cell
quota, QN [mol N cell−1], which is given by QN = mP,N + RN,
where mP,N is the stoichiometry coefficient of nitrogen in phy-
term that returns nitrogen to the dissolved inorganic

toplankton, and represents the minimum quantity of nitrogen
for which a cell remains viable. The parameter mP,N is obtained
from Table 1 using the Redfield ratio (C:N = 106:16, Redfield et
al., 1963). The analogous coefficient for light energy, mP,I, is
based on the quantum yield of photosynthesis. The theoret-
ical maximum quantum yield is 0.125 mol C (mol photon)−1,
although a more realistic value of 0.1 mol C (mol photon)−1 has
been used (Kirk, 1994). The term P/mP,N which appears in the

DIN uptake and the phytoplankton grazing terms, is the num-
ber of phytoplankton cells. A more detailed analysis, including
a derivation of conservation of mass of Eqs. (1)–(4) are given in
Baird et al. (2004).
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Table 1 – Allometric relationships for phytoplankton

Parameter Allometric relationship Units n

Carbon contenta mP,C = 2.12(×/ ÷ 2.46)V0.761 (±0.0272)
P mol C cell−1 37

Chlorophyll concentrationb C = 2.06 × 107(×/ ÷ 1.36)(1018VP)−0.320 (∓0.035) mg Chl a m−3 16
Maximum growth ratec �max

P = 3.46(×/ ÷ 1.16)(1018VP)−0.15 (∓0.019) day−1 126

Sinking velocityd wP = 5.60(×/ ÷ 2.29)r1.17 (±0.071)
P m s−1 22

Swimming velocitye UP = 0.00272(×/ ÷ 6.43)r0.229 (±0.155)
P m s−1 19

Allometric coefficients are reported with standard errors. The far right column gives the sample size, n, from which the allometric relationship are
determined. The nitrogen content of a phytoplankton cell is calculated using the Redfield ratio: mP,N = (16/106)mP,C. Note that for the maximum
growth rate, �max

P , and the cellular chlorophyll concentration, C, the slope is ∓ standard error as log10(1018VP) > 1.
a Mullin et al. (1966).

B
w
w
u
i
o
c
t
f
b

k

w
a
p
1
t

l

k

w
c
d
a
t

K

K

w
t
t
T
s
f
1

b Finkel (2001).
c Tang (1995).
d Live cells in Smayda (1970).
e Marine flagellates in Sommer (1988).

Turbulence enhanced nutrient uptake by phytoplankton. In the
aird et al. (2004) NPZ model, the phytoplankton considered
ere small, and the effects of turbulence on nutrient uptake
ere not included. In the Baird et al. (2004) NPZ model, the
ptake rate coefficient, kN, was simply given by 4�rDN where r

s the radius of the phytoplankton, D the molecular diffusivity
f the nitrate ion and N is the dissolved inorganic nitrogen
oncentration. For the larger phytoplankton considered here,
urbulence may enhance uptake. The uptake rate coefficient
or a phytoplankton cell including the effect of turbulence is
ased on the work of Batchelor (1980), and is given by:

N = 4�rD

(
1 + 0.55

(
r2

D

√
�

�

)1/3
)

N (5)

here � is the rate of dissipation of turbulent kinetic energy
nd � is the dynamic viscosity of the water. As an exam-
le, a cell of r = 30 �m in water of � = 2 × 10−5 m2 s−3 and � =
0−6 m2 s−1 with a molecular diffusivity of 19 × 10−10 m2 s−1,
he enhancement of nutrient uptake due to turbulence is 70%.

Size-dependent light capture. The uptake rate coefficient for
ight capture, kI, is given by:

I = aAI, aA = �r2

(
1 − 2(1 − (1 + 2�Cr) e−2�Cr)

(2�Cr)2

)
(6)

here aA is the absorption cross-section of a phytoplankton
ell [m2 cell−1], r the equivalent spherical radius, C the size-
ependent intracellular chlorophyll concentration (Table 1),
nd � = 0.04 m2 (mg Chl a)−1 is the chlorophyll-specific absorp-
ion coefficient (Finkel and Irwin, 2000).

The light attenuation coefficient through a layer of water,

d, is given by:

d = kw +
P∑

P=1

nPaAP (7)

here kw = 0.04 m−1 is the attenuation coefficient of
he water excluding phytoplankton, nP the concentra-
ion of phytoplankton cells, and is given by n = P/m .
P P,N

he calculation of Kd using the absorption cross-
ection for each size class of phytoplankton accounts
or the packaging of pigment within discrete cells (Kirk,
994). The light at the bottom of a layer dz thick is
given by:

Ibot = Itop e−Kd dz (8)

and the average light within the layer is given by:

I = Itop − Ibot

Kd dz
(9)

3.2. Predation

Metazoan and protozoan organisms obtain their biomass from
consuming other metazoan, protozoan as well as phytoplank-
ton individuals. First the prey ranges need to be considered.

3.2.1. Prey selectivity by size
In the size-resolved model, predators select prey based on size,
which affects the rate at which they encounter prey, the range
of prey they choose, and the rate at which they can ingest the
prey. Grazing rates are based on the minimum of the rate at
which predators encounter prey within the size range avail-
able to the predator, and the prey-saturated maximum growth
rate of the predator.

The encounter rate calculations are based on the curvilin-
ear formulations of Jackson (1995) and include the effect of the
size of the predator and prey on encounters. This is quantified
as the encounter rate coefficient, 	(pred, prey), which is given
by the sum of encounters due to diffusion, relative velocity
(due to swimming and sinking) and turbulent shear:

	 = 	diffusion + 	rel. vel. + 	shear (10)

where rpred and rprey are the radii of the predator and prey, p =
rprey/rpred, rpred > rprey, 	diffusion = (2kBT/3
)(1/rprey + 1/rpred)
(rprey + rpred), 	rel. vel. = 0.5�r2

preyU, and 	shear = 9.8(p2)/((1 +
2p)2)(�/�)0.5(rprey + rpred)3. The symbol � is the kinematic
viscosity, 
 the dynamic viscosity, kB = 1.38 × 10−23 J K−1 the
Boltzmann constant, U the relative encounter velocity and �

is the rate of dissipation of turbulent kinetic energy (for more
information see Baird et al., 2004).
For metazoa grazing on other metazoans, the ability to
search for prey enhances encounters beyond the calculated
random encounters above. Using physiological arguments,
Ware (1978) calculated that the cross-sectional area of the
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Table 2 – Allometric relationships for protozoa

Parameter Allometric relationship Units n

Carbon contenta mZ,C = 1.29 (±0.168) × 105VZ g C cell−1 9

Swimming speedb UZ = 0.0885(×/ ÷ 9.91)r0.553 (±0.195)
Z m s−1 21

Sinking speedc wZ = 5.60(×/ ÷ 2.29)r1.17 (±0.071)
Z m s−1 22

Maximum growth rated �max
Z = 0.00271(×/ ÷ 3.31)r−0.529 (±0.101)

Z day−1 41
Yielde �Z = 0.308 (±0.0266) mol mol−1 14
Minimum predator–prey size ratiof �Z,min = 3.00 (±0.930) – 4
Maximum predator–prey size ratiog �Z,max = 22.6 (±8.01) – 3

Allometric coefficients are reported with standard errors. The far right column gives the sample size, n, from which the allometric relationship is
determined. The nitrogen content of the protozoans is calculated using the Redfield ratio: mZ,N = (16/106)mZ,C.

a Flagellate and ciliate categories in Hansen et al. (1997).
b Flagellate and ciliate categories in Hansen et al. (1997).
c Sinking velocity uses the same relationship as for phytoplankton.
d Flagellate and ciliate categories in Hansen et al. (1997).

and metazoans in Tables 2 and 3.
e Flagellate and ciliate categories in Hansen et al. (1997).
f Hansen et al. (1994).
g Hansen et al. (1994).

reactive field of a visual predator, �, to be:

� = m0.69 (11)

The encounter rate with searching is then given by �U, where
U is the swimming speed of the predator.

Beyond the encounter rate calculations, further size selec-
tion by predators can occur as a result of, for example,
geometric constraints of the feeding apparatus (Hansen et al.,
1994). Size selection beyond encounter rate effects are quan-
tified by the effectiveness of encounters, ˚(pred, prey), which

takes a value between 0 and 1. When ˚(pred, prey) is equal to
0, the prey is outside the size range of the predator’s diet. The
effective encounter rate between predators and prey becomes
˚(pred, prey)	(pred, prey).

Table 3 – Allometric relationships for metazoa

Parameter Allometric re

Carbon contenta mG,C = 1.24 (±0.109) ×
Swimming speedb UG = 4.74(×/ ÷ 1.10)r0.

G

Egg sizec mC,© = 0.0138(×/ ÷ 1.2

Egg production rated � = 0.336(×/ ÷ 1.20)m−
C

Maximum growth ratee �max
g = 1.02(×/ ÷ 1.40)

Yieldf �G = 0.341 (±0.0179)
Fraction of adult femalesg Gn = 1/12
Minimum predator–prey size ratioh �G,min = 10.26 (±1.31)
Maximum predator–prey size ratioi �G,max = 90.73 (±14.20

Allometric coefficients are reported with standard errors. The far right colu
determined. The nitrogen content of the metazoans is calculated using the
zero sinking velocity, wG = 0. Symbols in the units represent numbers of egg

a Hansen et al. (1997).
b Swimming speed for rotifer, meroplankton larvae and copepod categor

other metazoans from Huntley and Zhou (2004) (see Fig. 3).
c Egg size and egg production of metazoans based on broadcast spawners
d Egg size and egg production of metazoans based on broadcast spawners
e Banse and Mosher (1980).
f Hansen et al. (1994).
g Fraction of sexually mature adult females, Gn is based on the calanoid c
h Hansen et al. (1994).
i Hansen et al. (1994).
In this paper, ˚ has been set to 1 if the prey is within
a set size range of the predator, and zero outside this
range:

˚ = 1 if �min <
rpred

rprey
< �max else ˚ = 0 (12)

where �min and �max are the minimum and maximum ratios
of predator to prey radius. The parameters �min and �max are
characteristic of the predator, and are given for protozoans
3.2.2. Prey selectivity in saturated predator growth
The total effective encounters experienced by a predator nor-
malised to its biomass m is given by:

lationship Units n

105VG g C cell−1 9
838 (±0.0171) m s−1 143

6)m0.621 (±0.057)
C,♀ �g C 41

0.262 (∓0.067)
,♀ ©♀−1 day−1 35

(1000VG)−0.37 (±0.032) year−1 31
mol mol−1 12
– 1
– 15

) – 20

mn gives the sample size, n, from which the allometric relationship is
Redfield ratio: mG,N = (16/106)mG,C. Metazoans are assumed to have a
s, ©, and numbers of females, ♀.

ies are obtained from Hansen et al. (1997), and the cruising speed of

(Kiørboe and Sabatini, 1995).
(Kiørboe and Sabatini, 1995).

opepod Centropages typicus (Bonnet and Carlotti, 2001).
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(m) =
∫ P

1

˚(m, x)	(m, x)Px

mP,N(x)
dx︸ ︷︷ ︸

prey on phytoplankton

+
∫ Z

1

˚(m, x)	(m, x)Zx

mZ,N(x)
dx︸ ︷︷ ︸

prey on protozoa

+
∫ G

1

˚(m, x)	(m, x)Gx

mG,N(x)
dx︸ ︷︷ ︸

prey on metazoa

(13)

he rate of effective encounters between predators and prey
an be greater than that required to maintain the maxi-
um growth rate of the predator. When the sum of effective

ncounters from all prey types exceeds the maximum growth
ate by a factor of 1/�, the grazing rate on each prey is given by
of the maximum effective encounter rate. The fraction of the

otal effective encounters with that are ingested a predator is
iven by:

(m) = max

[
1,

T(m)
�max(m)/(1 − �(m))

]
(14)

he term (1 − �(m)) is the assimilation efficiency of the preda-
or and accounts for increased encounters required to obtain

aximum growth rate for predators that are inefficient at
ssimilating prey.

.3. Protozoan growth

rotozoan growth, like phytoplankton growth, is an exponen-
ial function of biomass. The growth of protozoans within the

ass range m − �m and m + �m [mol N cell−1] is given by:

∂

∂t

∫ m+�m

m−�m

Z(m′) dm′ =
∫ m+�m

m−�m

(1 − �(m′))�(m′)T(m′)Z(m′) dm′

(15)

.4. Metazoan growth and reproduction

etazoan life-cycles involve growing over many orders of
agnitude from an egg to an adult capable of reproduction.

iomass moves up the metazoan size-classes through growth
f individuals and predation on smaller prey. Biomass moves
own the metazoan size-classes by the spawning of eggs, and

s returned to the dissolved inorganic nitrogen pool through
ortality.
The rate of change of metazoan biomass as a result of

rowth of individuals is given by:

∂G(m)
∂t

= − ∂m(�(m)T(m) − (m) min(�(m), �(m)T(m)))G(m)
∂m

(16)

here  is the fraction of sexually mature females among indi-
iduals of biomass m and � is the fecundity of adult females.
or the calanoid copepod Centropages typicus with a sex ratio
f 1:1, and a life cycle in which they are sexually mature for
pproximately 1/6th of their life (Bonnet and Carlotti, 2001), 

ould take a maximum value, max, of 1/12. Normally a sig-
ificant fraction of the eggs spawned do not make it to sexual

aturity, so  can be significantly less than a max.
For the sexually mature females, all of ingested biomass

s allocated to producing eggs, up to a maximum determined
rom an allometric relationship for egg production, �, and the
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size of the adult. A further allometric relationship is used to
determine the radius of the metazoan size-class, regg, to which
the biomass spawned is allocated (Table 3). Any growth of sex-
ually mature females above the maximum egg production rate
is allocated to growth.

3.5. Metazoan upper boundary condition

Typically, trophically structured and size-structured models
include a higher order mortality term, to which the solution is
often quite sensitive (Edwards and Yool, 2000). The equivalent
to the higher-order closure term in the size-resolved approach
can be considered as the upper boundary of the metazoans.
Since the phytoplankton and protozoan top size-classes have
all their largest predators resolved, only the metazoan bound-
ary is open. That is, the metazoan upper boundary has a
flux through it to unresolved (because they are larger than
the largest size class) predators, or to the dissolved inorganic
nitrogen pool. The metazoan upper boundary condition is rep-
resented as a quadratic mortality term for size-classes close to
the boundary which do not have all their predators resolved:

∂

∂t

∫ m+�m

m−�m

G(m′) dm′ = −
∫ m+�m

m−�m

�G(m′)G(m′)2 dm′ (17)

where �G is the quadratic mortality coefficient. The quadratic
mortality rate, �GG2, is set to be equal to the maximum growth
rate at the initial biomass of the metazoan size-class multi-
plied by the fraction of predators unresolved, ϑ:

�G(m)G(m)2 = ϑ(m)�max
G(m)G(m), so �G(m) =

ϑ�max
G(m)

G(m)
(18)

Given sufficient prey, the quadratic mortality terms will relax
the biomass of the largest metazoan size-classes to that of the
initial conditions. In the 62 size-class configuration described
below, the largest seven metazoan have all of their preda-
tors unresolved, while the 15th (ESR = 2.5 cm) to 8th (ESR =
12.4 cm) largest have some fraction of their predators unre-
solved. The largest 7 and 15 metazoan size-classes make
up only 11.29% and 24.19%, respectively, of the total initial
biomass in the system.

3.6. Biological parameter values

The relationships used to calculate model parameters for phy-
toplankton, protozoa and metazoa are given in Tables 1–3,
respectively. All parameters values have been sourced from
laboratory measurements published in the literature.

Most parameter values are determined over a range of sizes
with the parameter value often varying with size. All size
dependencies have been fitted to a power law relationship of
the form:

logx y = (a ± aS.E.) + (b ± bS.E.) logx r (19)

where y is the dependent variable, a and b are coefficients
with standard errors of aS.E. and bS.E., respectively, r is a mea-

sure of size, such as radius or volume, and x is the base of
the logarithm. Raising both sides to the power x, the equation
becomes:

y = x(a±aS.E.)r(b±bS.E.) = (xa × / ÷ xaS.E. )r(b±bS.E.) (20)
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Fig. 3 – Allometric relationship for metazoan swimming
speed. Rotifer, meroplankton larvae and copepod categories
from Hansen et al. (1997) and cruising speed of Huntley and
Zhou (2004) for all other animals. The best fit (solid line),
and the best fit plus the standard error (dash-dot) and
minus the standard error (dashed) are shown.

Fig. 4 – Schematic of the 21 allometric relationships used in the
The black central line is the standard value and the grey lines re
slope and intercept co-varied. All horizontal axes are logarithmi
predator–prey ratios for both protozoa and metazoa (Panels J, K,
adult females (S) are independent of size. For these variables, the
and the vertical axes are linear. For the relationships dependent
these lines can be found in Tables 1–3. For more information see
2 0 3 ( 2 0 0 7 ) 185–203

The symbol ×/÷ has been introduced as an analog of the sym-
bol ±. Note that Tables 1–3 report the allometric relationships
as power laws. For logx r < 1, an increase in the slope will
correspond in an increase in the intercept if the two fits are
to both pass through the mean value of log r. Alternatively
for logx r > 1 the intercept will go in the opposite direction to
the change in slope, as can be seen for the maximum growth
rate of phytoplankton, and the chlorophyll content of a phy-
toplankton cell in Table 1. The sensitivity of the allometric
relationships is assessed by varying both the slope and inter-
cept together, rather than separately. So the power law above
(Eq. (20)) is assessed at the limits of (xa × xaS.E. )r(b+bS.E.) and
(xa ÷ xaS.E. )r(b−bS.E.), where logx r < 1, or (xa × xaS.E. )r(b−bS.E.) and
(xa ÷ xaS.E. )r(b+bS.E.), where logx r > 1. An example of the allo-
metric relationships is given in Fig. 3.

The dark lines in Fig. 4 illustrate the allometric relation-
ships that are used for the standard run, while the light lines
show the relationships with the slope and intercept co-varied
by the standard error. The figure shows the allometric relation-
ships over the full range of size-classes used in the model. To
interpret Fig. 4, look for the spread of the standard error lines,
and the size-class at which the lines intersect (noting that
size-independent relationships such as metazoan yield do not
intersect). The spread of lines shows the uncertainty in the

parameter value, with, for example, the phytoplankton swim-
ming speed (Fig. 4E) being less certain than the phytoplankton
sinking rate (Fig. 4D). The size at which the lines intersect
indicates the mid-point of the allometric relationship. For an

model (Phy, phytoplankton; Pro, protozoa; Met, metazoa).
present the values used in the sensitivity analysis with the
cally scaled size-class. Note that the yield and maximum
L and R, T, U, respectively), and the fraction of metazoan

vertical axes scale between zero and twice the mean value
on size the vertical axis is logarithmic. The equations for
Section 3.6.
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classes, the output is characterised by orders of magnitude
oscillations in the concentration. However, as will be seen later
on, the bulk properties of the model such as total phytoplank-
ton biomass are more constrained.

Total nitrogen (TN) in surface layer in the simulation is
e c o l o g i c a l m o d e l l i n

ntersection close to the centre of the x-axis the range of
he allometric relationship closely matches the size-classes
n the model. For example, protozoan growth rate (Fig. 4I) is
oorly centred, with the allometric relationship being based
n organisms that are on average smaller than the model size-
lasses, while phytoplankton swimming speed (Fig. 4E) is quite
ell centred. The equations for these lines can be found in
ables 1–3.

.7. The 62 size-class biological configuration

he numerical experiments conducted in this paper are
ased on a biological configuration with a total of 62 size-
lasses, with biomass doubling between size-classes. The
mallest size-class is an organism with a biomass of 1.39 ×
0−15 mol N, and represents a phytoplankton cell with an
quivalent spherical radius by volume (ESR) of 0.32 �m such
s the cyanobacteria Prochlorococcus sp. The largest size-class
as a biomass of 3.19 × 103 mol N and represents a metazoan
ize-class with an ESR of 78.8 cm. The model contains 17 phy-
oplankton, 13 protozoan and 45 metazoan size-classes, a total
f 75 classes of organisms represented. The largest nine phy-
oplankton classes overlap with the smallest nine protozoan
lasses, and the largest four protozoan classes overlap with
he smallest four metazoan classes, resulting in a total of 62
ize-classes.

The phytoplankton are represented in the first 17 size-
lasses, with biomass ranging from 1.39 × 10−15 to 9.07 ×
0−11 mol N cell−1 and representing cells of ESR from 0.32 �m
o 41.0 �m. The largest size is representative of a diatom such
s Stephanodiscus (Graham and Wilcox, 2000).

The protozoans are represented in the 9th to 21st size-class.
he 9th size-class has a biomass of 3.54 × 10−13 mol N cell−1

nd is representative of a 3.74 �m ESR protozoan cell such as
he nanoflagellate Paraphysomonas sp. (Hansen et al., 1997).
he largest class of protozoa has an ESR of 60.0 �m, repre-
entative of a dinoflagellate such as Protoperidinium sp. or the
iliate Flavella ehrenbergii (Hansen et al., 1997).

The metazoans are represented in the 18th to 62nd size-
lasses. The 18th size-class has an ESR of 30.3 �m and is
epresentative of the eggs of a small metazoa such as Para-
alanus parvus (Kiørboe and Sabatini, 1995). The first 13

etazoan size-class are composed only of eggs, larvae and
uveniles and do not spawn eggs. The 30th metazoan is rep-
esentative of a metazoan with an ESR of 2.46 cm such as an
dult anchovy (www.fishbase.net). The 62nd size-class has a
olume of 2 m3, and represents large animals such as marine
ammals. The biological grid is extended up to the 62nd size

lass in order to resolve all the predators of the first 25th meta-
oan classes. The 25th metazoan class (r = 7 mm) is chosen
s it representative of approximately the maximum size class
larval fish) that the model is assessed, and is used in the
ensitivity analysis of the top metazoan boundary condition.

.8. The normalised biomass size spectra
o summarise the large quantity of model output, properties
f the normalised biomass size spectra (NBSS) are analysed.
he NBSS is a natural framework to use because the ecosys-

em model has been developed using a similar underlying
3 ( 2 0 0 7 ) 185–203 193

approach and the NBSS has been used for many years to sum-
marise the size distribution of field data.

Following Platt and Denman (1977), the normalised
biomass, ˇ(w) is the total biomass b(w) in the size-class char-
acterised by weight w, divided by the width of the size-class
�w:

ˇ(w) = b(w)
�w

(21)

A commonly analysed feature of size distribution is the
mean slope of the normalised biomass spectrum, given by:

S =
(

∂ ln ˇ

∂ ln w

)
(22)

Observations suggest a value of S between −1.5 and −0.6 for
marine waters depending on environmental conditions (Zhou,
2006), with a median around −1.0 (Sheldon et al., 1972; Kerr
and Dickie, 2001).

3.9. Biological initial conditions

The biological initial conditions are determined by setting the
total biomass of phytoplankton, protozoa and metazoa, TNi,
and the slope of the NBSS, Si. In the overlap between phyto-
plankton and protozoans, and protozoans and metazoans, the
biomass is shared equally between the overlapping functional
groups. The total biomass is set to a depth-resolved annual
average of the waters off the coast of NSW, Australia, following
Baird et al. (2004), and the initial slope of the biomass spectra,
Si = −1.0, a value typical of oligotrophic waters.

A slope of the biomass spectra of −1.0 implies equal
biomass in all size-classes. Including the effect of the overlap
of ranges of phytoplankton, protozoa and metazoa, the initial
conditions start with 20.16% of the biomass in the phytoplank-
ton group, 10.48% in the protozoan group, and 69.35% in the
metazoan group.

4. Results

The model output is averaged over an inertial period (=
|2�/f | = 1.028 day−1, where f = −7.07 × 10−5 s−1 is the Coriolis
parameter at 30◦ S), to highlight the development of subiner-
tial phenomena (Edwards et al., 2000). Fig. 5 plots the time
evolution of the surface total nitrogen, DIN concentration,
and the concentration of each phytoplankton, protozoan and
metazoan size-class, as well as the slope of the NBSS for the
62 size-class configuration. At the scale of the individual size-
relatively constant (Fig. 5), despite a downward flux of phy-
toplankton and protozoa due to sinking. The slope of the
biomass size spectra appears to vary between a value of −0.9
and −1.0.

http://www.fishbase.net
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Fig. 5 – Concentration in the surface mixed layer of each size-class in the (A) phytoplankton, (B) protozoan and (C) metazoan
groups for the 62 size-class configuration. Panel (D) shows the calculated slope of the biomass size-spectra determined as a
Pareto distribution statistic. Panel (E) shows the dissolved inorganic nitrogen and total nitrogen. The size-class of each line
can be determined using the colour bar on the right to identify functional group and relative size. The numbers on the

in t
st m
colour bar refer to the radii of smallest and largest size-class
to size-class within each functional group (i.e 1 is the smalle

4.1. Sensitivity to initial conditions

An ensemble of runs on the 62 size-class configuration have
been undertaken with an initial slope of the biomass size
spectrum of −1.0, but small perturbation in each individual
size-class. The perturbations are based on a uniform dis-
tribution with a standard deviation of 0.064 of the original
mass, and normalised such that the total mass of all size-
classes is identical for all simulations. Fig. 6 shows the paths

of phytoplankton, protozoan and metazoan biomass from the
small initial perturbations for the first 250 days of the simu-
lations. The simulations initially have very similar paths, but
begin to diverge at about 120 days. The divergence in paths
he spectra in �m. The line numbering on the graph refers
etazoan size-class and 45 is the largest).

appears to be initiated by the blooming of phytoplankton with
a radius greater than 2 �m, and quickly affects the protozoan
and metazoan biomass.

Inspection of the trajectories of particular size-classes
shows that the instability at Day 120 is caused by phytoplank-
ton size-class 8 (P8) and its predators. Fig. 7 plots the phase
space for state variables dissolved inorganic nitrogen, biomass
of P8 (r = 2.6 �m), and the sum of biomass of the grazers on
P8. These grazers are protozoan size-classes 5 (r = 9.4 �m) to

13 (r = 60 �m) and metazoan size-classes 1 (r = 30 �m) to 10
(r = 242 �m). At Day 120 the trajectories are almost identical,
and by Day 190 all have returned to a similar trajectory. In
general the trajectories follow an initial path of increasing P8



e c o l o g i c a l m o d e l l i n g 2 0 3 ( 2 0 0 7 ) 185–203 195

Fig. 6 – The first 250 days of an ensemble of 20 simulations for the 62 size-class configuration with small perturbations of
initial conditions. Results shown are (A) biomass of phytoplankton with a radius less than 2 �m, (B) biomass of
phytoplankton with a radius greater than 2 �m, (C) total phytoplankton biomass, (D) total protozoan biomass, (E) total
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etazoan biomass, (F) the slope of the normalised biomass
rotozoa, and (I) the consumption (for growth) of metazoa. B

iomass until approximately Day 150, followed by an increase
n grazer biomass and decreased P8 biomass, which is accom-
anied by an increase in DIN. The grazer biomass saturates at
pproximately 5 × 10−4 mol N m−3, followed by a decrease in
IN, due to uptake by other phytoplankton size-classes, and
nally the grazer biomass begins to crash.

The trajectories of the 20 ensemble runs begin to diverge
round Day 120. The divergence occurs both in phase space
nd in time (Fig. 7). In particular, two trajectories (black in Fig.
) have a larger increase in grazers of P8 than the remaining
8 (colour in Fig. 7) trajectories between Days 120 and 150.
his delays the increase in P8 biomass, as shown by the Day
50 marker occurring at a lower biomass than for the other
rajectories, and allows a greater P8 biomass to eventually be
eached. The grazer maximum that follows is much later in the
wo black trajectories compared to the 18 coloured trajectories,
nd is slightly higher.

Fig. 8 demonstrates that after a few 100 days, the simu-
ations can take drastically different paths (despite only tiny
hanges in initial conditions). The initial change in trajecto-
ies in this case precipitated by the predator–prey interactions
f phytoplankton size-class 8 quickly propagate to larger size-

lasses, resulting in divergent paths of bulk properties such
s total phytoplankton biomass later on in the simulations. It
ill be left to future work to investigate the behaviour at time-

cales greater than 100 days. At the present it sufficient to note
spectra, (G) the growth of phytoplankton, (H) the growth of
ass is in mmol N m−3 and production is in mol N m−3 s−1.

that (1) while some of the paths may appear very different,
the slope of the normalised biomass size spectra remains in a
realistic range and (2) it is reasonable to expect a sensitivity to
initial conditions in pelagic ecosystems. The remaining inves-
tigations in this paper will be restricted to the first 100 days
of the simulations to minimise interacting effects of sensitiv-
ity to initial conditions, model resolution, biological boundary
conditions, and allometric relationships.

4.2. Sensitivity to size-resolution

Further analysis of the size-resolved approach involves inves-
tigating the effect of changing the resolution of the biological
configuration. The model equations, and the allometric rela-
tionships from which physiological rates are determined, are
unchanged by model resolution. At high enough resolution,
the output of the model averaged over a sufficiently large size
range should be insensitive to further increases in resolution.

The sensitivity of the biological model to the resolution
of size-classes was assessed by undertaking simulations with
one quarter, one half, twice and four times the resolution of
the 62 size-class configuration detailed in Section 3.7. The

phytoplankton, protozoan and metazoan grids retain their
original smallest and largest size-classes in all simulations,
but the interval between size-classes is altered, resulting in
17, 32, 62, 123 and 245 size-class configurations, respectively



196 e c o l o g i c a l m o d e l l i n g

Fig. 7 – Phase space for state variables phytoplankton
size-class 8 (r = 2.6 �m), dissolved inorganic nitrogen
(DIN), and the sum of the grazers on phytoplankton
size-class 8—protozoa 5 (r = 9.4 �m) to 13 (r = 60 �m) and
metazoa 1 (r = 30 �m) to 10 (r = 242 �m). Each line is one of
a 20 ensemble run of the 62 size-class configuration with
slightly varying initial conditions, with the output given
every 0.2 days from Day 100 to 190. The coloured diamond,
square, triangle, circle and star symbols mark time points
along each trajectory.

Fig. 8 – The first 2000 days of an ensemble of 20 simulations for
initial conditions. For further details see Fig. 6.
2 0 3 ( 2 0 0 7 ) 185–203

(Fig. 9). Note that when halving and halving again the 62 size-
class configuration, the metazoan grid is out of alignment with
the protozoan and phytoplankton grids. In this sense the 17
and 32 class configurations are only nominally 17 and 32 con-
figurations, as they actually contain organisms at 18 and 34
size-classes, respectively. When increasing the resolution, this
misalignment artifact does not occur.

Fig. 10 graphs a time series of the DIN, total phytoplank-
ton biomass, total protozoan biomass and total metazoan
biomass for the five biological configurations over the first
100 days of a simulation. The behaviour of the 17 and 32 size-
class configurations are quite different to the higher resolution
configurations. The 62, 123 and 245 size-class configurations
follow similar tracks, demonstrating a convergence of results
with increasing resolution. Achieving a tight convergence at
high resolution is somewhat hampered by the different initial
biomass held in each functional group—a result of the way the
resolution is doubled. Nonetheless, after 300 days (not shown),
the 123 size-class simulation behaves much more like the 245
size-class configuration than the 62 size-class configuration.

The major source of error in the discretisation of size-
classes is the ability of the model to resolve the appropriate
range of prey for a particular predator species. For the 17 size-
class configuration, the predator of radius 7.7 cm has two prey
species with radii that are 40.2 and 16.0 times smaller. For the
32 size-class configuration, the same size predator has four

prey species, with a range between 64 and 16 times smaller.
For the 62, 123 and 245 size-class configurations, the same
predator has 9 (range 80.6–12.7 smaller), 19 (range 90.5–11.3
smaller) and 38 (90.5–10.7 smaller) prey species, respectively.

the 62 size-class configuration with small perturbations of
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Fig. 9 – The biological size-classes for five different
resolution configurations. The boundaries of the
phytoplankton, protozoan and metazoan grids are identical
for all configurations, while the gap between classes is
halved with each increase in grid resolution. The 17 and 32
size-classes grids are nominally 17 and 32 size-classes, as
the mismatch between size-classes on the metazoan and
protozoan grids (a result of requiring that the grids in the
d
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ifferent resolutions all have the same boundaries)
roduces organisms at 18 and 33 size-classes, respectively.

s the resolution of model increases, the percentage of all

etazoans that the 7.7 cm radii predator has in its diet is:

6.67, 17.39, 20.00, 21.35 and 21.47. It can be shown that for an
nfinitely-resolved configuration increasing by a factor of 2x,

here x → 0, between size-classes, with prey ranges of 90.73–

ig. 10 – Concentration at the surface of (A) dissolved inorganic n
rotozoan biomass and (D) total metazoan biomass for the 17, 32
3 ( 2 0 0 7 ) 185–203 197

10.26 and the same smallest and largest metazoan classes, a
predator will have a diet consisting of 21.43% of the meta-
zoan classes. Furthermore, as the resolution increases, the
diet range approaches the full range of 90.73 to 10.26 given in
the allometric relationships (Table 3). The convergence of the
simulations of the 123 and 245 size-class configurations occurs
because the prey ranges, and fraction of the total metazoan
biomass they represent, are almost identical.

From both numerical experiments and theoretical consid-
erations, it appears that the minimum resolution at which
the size-resolved approach can confidently be used is the 62
size-class configuration. With each doubling of the number of
size-classes, the number of interactions between classes (and
therefore computational time) increases by approximately a
factor of four—two for the increasing number of classes, and
a further two for the increasing number of prey in each preda-
tor’s diet. Due to computational constraints, results presented
in this paper will be restricted to the 62 size-class configura-
tion with a 1D spatial resolution of 31 vertical layers. At this
resolution, it is presently feasible to run the model for a num-
ber of years and to undertake a sensitivity analysis of all 21
allometric relationships (42 simulations ran simultaneously
on a condor cluster of 2.8 GHz Intel chips at a speed of ∼37
model days per cpu hour).

4.3. Sensitivity to metazoan upper boundary condition

A further test of the robustness of the size-resolved model
approach is to consider the effect of altering the boundary con-
ditions of the biological grid. The lower and upper boundaries
of the phytoplankton and protozoans, and the lower bound-

ary of the metazoan size-classes are zero flux, and have been
specified based on identified size-ranges in the literature. As a
result, altering these boundaries is probably not a very insight-
ful exercise.

itrogen, (B) total phytoplankton biomass, (C) total
, 62, 123 and 245 size-class configurations.
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Fig. 11 – Concentration at the surface of (A) dissolved inorganic nitrogen, (B) total phytoplankton biomass, (C) total
protozoan biomass and (D) total metazoan biomass in the first 25 size-classes when the upper metazoan boundary is

oved
unmoved (class 45 in the 62 size-class configuration) and m

The upper boundary condition of the metazoa is impor-
tant. Firstly it is the most poorly resolved biological boundary,
being approximately 100 times smaller (by mass) than the
largest marine animal, the blue whale Balaenoptera musculus.
Secondly, it is an open boundary, with a quadratic mortal-
ity term relaxing the solution to a set slope of the NBSS. It
is important to investigate how these shortcoming affect the
solution of the model.

The upper metazoan boundary condition was moved pro-
gressively into the model interior (i.e. to smaller size-classes),
and an assessment made of changes in bulk properties
of the model. The boundary of the 62 size-class con-
figuration is moved 5, 10, 15 and 20 size-classes lower,
resulting in the metazoan boundary being at an ESR of
25, 7.8, 2.5 and 0.77 cm, respectively. In the 62 size-class
configuration, with the boundary at an ESR of 0.77 cm,
all of the predators of phytoplankton and protozoans are
resolved. All size-classes are given the same initial con-
ditions, but those beyond the boundary do not vary with
time.

When the boundary is moved to the 25th or 30th meta-
zoan size-class, the DIN, total phytoplankton, total protozoan
and sum of the metazoan in the first 25 metazoan size-classes
is different to that obtained with the boundary at the 45th
metazoan size-class (Fig. 11c). For a boundary set at the 35th
or 40th metazoan size-class, the solution is almost identi-
cal to that obtained with the boundary at the 45th metazoan
size-class. For the prediction of total phytoplankton and proto-

zoan biomass, and metazoan biomass smaller than the 25th
metazoa size-class (ESR of 0.77 cm), a boundary at the 35th
metazoan size-class has only a small influence in a 100-day
simulation.
to size-classes 40, 35, 30 and 25.

4.4. Sensitivity analysis of allometric relationships

A sensitivity analysis has been undertaken on the 62 size-class
configuration by co-varying the coefficients of the allomet-
ric relationships plus and minus the standard error of the
coefficients. This provides a measure of parameter sensitivity
relative to the ability of the allometric relationships to cap-
ture the true size-dependence over the whole population of
a particular functional group. As such it indicates the allo-
metric relationships whose uncertainty is most limiting to the
size-resolved approach.

The sensitivity of DIN, total phytoplankton biomass, total
protozoan biomass and total metazoan biomass (Table 4) and
a number of key biological processes (Table 5) in the surface
layer, averaged over the period of 40–50 days, are reported.
The sensitivity, in this case for total phytoplankton biomass,
is given by:

S =

(∑P
1 P

)
allometric relationship ± S.E.(∑P

1 P

) (23)

and similarly for other state variables and terms. The subscript
allometric relationship ± SE refers to the co-varying of inter-
cept and slope coefficients of each allometric relationship as
described in Section 3.6.

DIN is most sensitive to the parameter describing the
smallest size-class of prey available to a metazoan preda-

tor, �G,max, and the nitrogen content of a phytoplankton cell,
mP,N (Table 4). Other parameters which change the DIN con-
centration by more than 15% are the swimming velocity of
phytoplankton, UP, the maximum growth rate of phytoplank-



e c o l o g i c a l m o d e l l i n g 2 0 3 ( 2 0 0 7 ) 185–203 199

Table 4 – Sensitivity of functional groups to coefficients in allometric relationships

Parameter DIN Phytoplankton Protozoa Metazoa NBSS slope

mP,N 0.47 (1.84) 1.03 (0.96) 0.47 (1.67) 1.02 (0.99) 1 (1)
UP 0.77 (1.73) 1.02 (0.95) 0.81 (1.53) 1 (1) 1 (1)
C 0.9 (0.94) 1.01 (1.01) 0.9 (0.94) 1 (1) 1 (1)
�max

P 1.07 (0.81) 1 (1.01) 1.08 (0.81) 1 (1) 1 (1)
wP 0.99 (1) 1.01 (0.99) 0.99 (1) 1 (1) 1 (1)
mZ,N 1.07 (0.93) 0.99 (1.01) 1.04 (0.91) 1 (1) 1.01 (0.99)
UZ 0.91 (1.12) 1.01 (0.99) 0.93 (1.1) 1 (1) 1 (1)
�max

Z 1 (1) 1 (1) 1 (1) 1 (1) 1 (1)
wz 1.03 (0.98) 1 (1) 1.03 (0.98) 1 (1) 1 (1)
�Z 1.36 (0.72) 0.97 (1.03) 1.39 (0.7) 1 (1) 1 (1)
�Z,min 0.95 (1.03) 1 (1) 0.96 (1.03) 1 (1) 1 (1)
�Z,max 0.98 (0.61) 1 (1.03) 0.91 (0.71) 1 (0.99) 1.02 (0.98)
mG,N 1.11 (0.9) 0.99 (1.01) 1.1 (0.91) 1 (1) 1 (1)
UG 1.06 (0.93) 0.99 (1.01) 1.05 (0.93) 1 (1) 1 (1)
�max

G
1.12 (0.85) 1 (1) 1.09 (0.87) 0.98 (1.02) 1 (1)

�G 0.81 (1.14) 1.01 (1) 0.82 (1.13) 1.02 (0.99) 1 (1)
mC,© 1 (1.01) 1 (1) 1 (1.01) 1 (1) 1 (1)
� 1 (1.01) 1 (1) 1 (1.01) 1 (1) 1 (1)
�G,min 1.01 (1.51) 1 (0.97) 1.01 (1.46) 1 (0.98) 1 (1)
�G,max 0.24 (2.63) 1.07 (0.87) 0.24 (2.42) 1 (1) 0.97 (1.02)
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ensitivity of dissolved inorganic nitrogen (DIN), total phytoplankton b
ormalised biomass size spectra (NBSS) at the surface averaged over D
rror in the 62 size-class configuration.

on, �max
P , the yield of protozoa, �Z, the yield of metazoa, �G,

he smallest size-class of prey available to a protozoan preda-
or, �Z,max, and the largest size-class of prey available to a

etazoan predator, �G,min.
The protozoan biomass has a similar sensitivity as DIN. In
ontrast, both phytoplankton and metazoan biomass are less
ensitive to the allometric relationships. In part this can be
xplained by the larger range of size classes. For example, a
hift to larger size classes of phytoplankton will not drasti-

Table 5 – Sensitivity of biological terms to coefficients in allome

Parameter Phytoplankton growth Protozoan gro

mP,N 0.57 (1.45) 0.55 (1.43)
UP 0.8 (1.54) 0.79 (1.56)
C 0.91 (0.95) 0.91 (0.95)
�max

P 1.1 (0.8) 1.09 (0.81)
wP 1 (0.99) 1 (0.99)
mZ,N 1.06 (0.94) 1.05 (0.94)
UZ 0.93 (1.1) 0.92 (1.1)
�max

Z 1 (1) 1 (1)
wz 1.02 (0.98) 1.02 (0.98)
�Z 1.26 (0.77) 1.44 (0.67)
�Z,min 0.96 (1.03) 0.96 (1.03)
�Z,max 0.98 (0.67) 0.97 (0.64)
mG,N 1.09 (0.91) 1.09 (0.91)
UG 1.04 (0.94) 1.04 (0.94)
�max

G
1.11 (0.86) 1.11 (0.86)

�G 0.83 (1.12) 0.83 (1.12)
mC,© 1 (1.01) 1 (1.01)
� 1 (1) 1 (1)
�G,min 1.01 (1.39) 1.01 (1.4)
�G,max 0.3 (1.96) 0.26 (1.94)

ensitivity of phytoplankton growth, protozoan growth, metazoan consum
arying the allometric relationships by + and (−) the standard error in the 6
ss, total protozoan biomass, total metazoan biomass and slope of the
0–50 to varying the allometric relationships by + and (−) the standard

cally change the biomass of phytoplankton. However, such a
shift may limit the food source of protozoa, and change the
concentration of DIN, as larger cells with smaller surface area
to volume ratios are not able to draw nutrient concentrations
as low as smaller phytoplankton. Phytoplankton biomass is

most sensitive to the smallest size-class of prey available
to a metazoan predator, �G,max, while metazoan biomass is
most sensitive to the maximum growth rate of metazoa, �max

G .
The slope of the biomass size spectra is not very sensitive

tric relationships

wth Metazoan consumption Metazoan birth

1.23 (0.89) 1.33 (0.93)
0.98 (1.04) 0.98 (1.04)
1 (1) 1 (1)
1.01 (0.99) 1.01 (1)
1 (1) 1 (1)
1.23 (0.99) 1.36 (0.99)
0.99 (1.01) 0.99 (1.01)
1 (1) 1 (1)
1 (1) 1 (1)
1.03 (0.97) 1.02 (0.98)
0.99 (1) 1 (1)
1.35 (0.94) 1.57 (0.96)
1 (0.99) 1.01 (0.99)
1.01 (0.99) 1.01 (0.99)
1.09 (0.9) 1.18 (0.91)
1.05 (0.94) 1.05 (0.96)
1 (1) 1.06 (0.89)
1 (1) 1 (0.85)
1 (1.03) 1 (1.04)
0.94 (1.08) 0.97 (1.09)

ption and metazoan birth at the surface averaged over Days 40–50 to
2 size-class configuration.
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to any parameters, with the most sensitive parameter being
�G,max.

The sensitivity of phytoplankton growth, protozoan
growth, metazoan consumption and metazoan birth are given
in Table 5. It is interesting to note that metazoan consumption
and metazoan birth are far more sensitive to the allometric
relationships than the metazoan biomass. In part this is a
consequence of metazoan biomass changing over long time
scales. Metazoan consumption and birth is most sensitive to
the smallest size-class of prey available to a protozoan preda-
tor, �Z,max, and the nitrogen content of phytoplankton, mP,N,
and protozoa, mZ,N.

5. Discussion

The size-resolved model developed in this paper has simi-
larities with a variety of existing pelagic ecosystem models.
It contains a small number of functional groups like trophi-
cally based NPZ models (Edwards and Brindley, 1996), a range
of sizes of phytoplankton and zooplankton in common with
size-structured models (Gin et al., 1998), the use of physical
descriptions of limits to biological processes such as used in
Baird and Emsley (1999) or Lewis (2003), and, the consider-
ation of life-cycles such as found in age-structured models
(James et al., 2003). In developing the size-resolved model,
these approaches have been combined and, in many cases
abridged, in order to create a model which concentrates on
capturing the size-distribution of biomass.

The model contains just light and one nutrient limita-
tion of photosynthesis, three functional groups, and a small
set of equations describing the growth, mortality, and repro-
duction of plankton. In particular, the model equations and
parameters are formulated independently of the number of
size-classes resolved. This greatly reduces the complexity of
the formulation when compared to size-structured models
that specify each interaction separately. The application, how-
ever, is highly resolved. For example, in the 62 size-class
configuration, the 5th smallest metazoan engages in 28 bio-
logical interactions alone (Fig. 1.), with the total number of
planktonic interactions exceeding 1000. The 245 size-class
configuration has well over 4000 interactions. As such, this
approach can far exceed the complexity of even elaborate dia-
grammatic representation of pelagic food webs (Nybakken,
2001), and associated size-structured models.

The size-based approach. In Baird et al. (2004) a pelagic
ecosystem model with bio-mechanical or physical descrip-
tions of key biological processes is presented for one
phytoplankton and one zooplankton size-class. An advantage
of this approach was the reduction in the number of param-
eters typical of most pelagic ecosystem models, leaving the
radii of a phytoplankton and zooplankton as the main param-
eters. From these radii, most other biological parameters could
be derived. Nonetheless, the model remained sensitive to the
choice of the plankton radii—a considerable problem since the
radii most representative of a particular process in a pelagic

ecosystem is likely to change temporally and spatially.

The model presented here removes the need to specify
plankton radii. Plankton size becomes part of the biological
grid, and no longer a model parameter. The number of size-
2 0 3 ( 2 0 0 7 ) 185–203

classes represents the resolution of the model, in the same
way as the number of spatial grid cells specifies the spatial res-
olution of a hydrodynamic model. With such a perspective, the
parameters of the model becomes the coefficients of the allo-
metric relationships, and the major problem of the trophically
based biomechanical model of Baird et al. (2004) is overcome.

Assessment of model robustness. The size-resolved model
allowed two tests of its approach that are difficult to under-
take in size- or trophically structured models. Numerical
experiments have shown that within the assumptions of
the size-resolved model, the predictions of the 62 size-class
configuration in size-classes smaller than 0.77 cm ESR are rela-
tively insensitive to the coarseness of the grid, or the presence
of a boundary at an ESR of 78 cm. Trophic and size-structured
models are always open to general criticisms that the equa-
tions do not include sufficient state variables to represent the
ecosystem, or that the coefficients and/or form of the higher-
order closure term can potentially affect the model solution.
In contrast, the effects of lack of resolution or higher order-
closure terms in the size-resolved model have been carefully
assessed, and shown to be small. This is not to say that the
size-resolved model captures more aspects of a pelagic ecosys-
tem than a size or trophically structured models. Rather, it
simply demonstrates that for capturing the size-distribution
of biomass for which it was formulated, it has sufficient reso-
lution.

Sensitivity to allometric relationships. One of the most impor-
tant results from this study of the size-resolved model is to
determine which allometric relationships are most limiting to
this approach. The sensitivity analysis shows that the most
sensitive parameters relative to our knowledge of their val-
ues are the smallest size-class of prey available to a metazoan
predator, �G,max, and the nitrogen content of a phytoplankton
cell. It is worth noting that these parameters come from small
samples sizes relative to other parameters (Tables 2 and 3).
To improve the performance of the size-resolved model, and
our general understanding of size distribution of biomass in
pelagic ecosystems, the most critical investigations to under-
take would be on diet ranges of metazoan predators, such as
those undertaken by Hansen et al. (1994).

Another feature that arises from the sensitivity analysis
is the interdependence of all trophic levels. As noted above,
the most sensitive parameter is the smallest size-class of prey
available to a metazoan predator, �G,max. Perhaps surprisingly,
�G,max affects phytoplankton growth and protozoan growth
more than metazoan consumption and birth. This occurs
because �G,max changes the size-distribution of biomass, as
shown by the NBSS (Table 5), affecting all components of the
ecosystem.

Sensitivity to initial conditions The model output is sensitive
to initial conditions, a necessary, although not sufficient, con-
dition for chaotic behaviour. Sensitivity to initial conditions
has been long been known in deterministic non-linear models
of physical (Lorenz, 1963) and biological (May, 1976) systems,
and there is every reason to expect that it might be a property
of pelagic ecosystems. That the deterministic model behaves

in such a manner places limitations on its use for prognostic
modelling. The uncertainty given to the initial conditions of
the state variables in the 20 ensemble runs is much less than
the uncertainty with which the size-distribution of biomass
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s likely to be known for any particular application. As such,
he model cannot be used to predict the time-evolution of any
articular size-class, and limitations exist for the prediction of
ven the total biomass of phytoplankton, protozoa or metazoa
t time-scales greater than 100 days. Nonetheless, the gen-
ral size-distribution of biomass, as defined by the normalised
iomass size spectra, may be predictable on longer time-scales

much like the ability to predict weather for only for a few days,
ut climate over geological timescales). Even if the obstacles
f a highly non-linear system prove too great for prognostic
odelling at all, the size-resolved model may prove a useful

iagnostic modelling tool.
Inherent limitations. The size-resolved approach has signif-

cant limitations, of which two seem the most important.
irstly, there is an inability to distinguish between organisms
f the same size, but with different properties, such as that
etween a diatom and a coccolithophore, a dinoflagellate and
ciliate, or a copepod and a krill larva. Or even between

n adult copepod and a larval fish. For example, the sim-
le parameterisation used for predator searching behaviour

n larger metazoans (Eq. (11)) does not consider the range of
bilities to sense chemical and hydromechanical signals, or
he various behavioural responses to these cues, that have
volved in the pelagic environment (Kiørboe and Bagøien,
005). Another example can be seen in the allometric relation-
hip for metazoan swimming (Fig. 3). The swimming speeds
f the grouping rotifers, larvae and copepods have a different
ize-dependency (apparently little size-dependency) to that of
he metazoans as a whole. Without resolving this group as

distinct functional group, it is not possible to include the
iffering size-dependency.

Secondly, the sensitivity analysis demonstrated the impor-
ance of the size-range of prey of protozoa and metazoa in
he model formulation. In many circumstances, feeding pref-
rence on the basis of non-size based characteristics is also
mportant. These additional complexities could be included
n the size-resolved approach, although it may turn out that

trophic-based approach would be better suited to this
ask.

Further improvements to the size-resolved model. It is worth
oting that this paper includes only a subset of the size-
ased relationships that are recorded in the literature. Other
rocesses which have known size dependencies include
wimming efficiency, schooling behaviour and turbulence pro-
uction by animals (Huntley and Zhou, 2004), as well as more
omplex size-based considerations of grazing and reproduc-
ive strategies.

Given that predator–prey ratios are critical for the model,
nd that allometric relationships do not explain the vari-
tions of these properties within metazoan and protozoan
roups, it may be helpful to further increase the number of
unctional groups. For example, salps could be considered a
eparate group of metazoans, due to their importance in bio-
eochemical cycles, and their extremely large predator–prey
atios (Andersen, 1998).

Conclusion and future work. A pelagic ecosystem model has

een developed that resolves the size-distribution of biomass.
roperties of the size-resolved approached are used to show
hat it is robust to changes in both resolution and biological
oundary conditions. A sensitivity analysis illustrates where a
3 ( 2 0 0 7 ) 185–203 201

lack of knowledge from laboratory parameterisations is most
likely to cause problems in applying the model to oceano-
graphic problems. The approach appears to avoid two of the
most significant problems with classical models—namely a
proliferation of model parameters with increasing complexity,
and a need to change the model formulation for every change
in model complexity.

Future work on this approach will involve coupling the
size-resolved model to 2D and 3D physical models, in order
to assess model size-distributions against observations. Fur-
thermore, while the numerical experiments undertaken here
provide coarse insights into the behaviour of the model, much
will be learnt by a more complete dynamical analysis.

Acknowledgements

This research was funded by ARC Discovery Projects
DP0557618 held by M.E. Baird and DP0209193 held by I.M.
Suthers and M.E. Baird. We thank John Murray for organ-
ising the Mathematical Biology workshop at the School of
Mathematics and Statistics (UNSW) that contributed to the
development of this work, and Peter Blennerhassett, Bruce
Henry and David Warton for helpful insigths. The use of
the Australian Partnership for Advanced Computing (APAC)
supercomputer, and the scientific programming support of
Clinton Chee (High Performance Computing Unit, UNSW),
Martin Thompson (School of Mathematics) and Patrick Timko
are gratefully acknowledged. The physical configuration is
based on earlier work with Peter Oke and Jason Middleton.
We thank Alan Blumberg and George Mellor for the free avail-
ability of the Princeton Ocean Model.

Appendix A. Computational methodologies in
the biological submodule

A.1. Integration schemes

Most of the biological equations are formulated as a set of
ordinary differential equations (ODEs), while the advection
and diffusion of biological tracers is formulated as a set of
partial differential equations (PDEs). This type of advection–
diffusion-reaction equation is typically solved by splitting the
integration solution, and integrating the advection, diffusion
and reaction equations sequentially (Baird et al., 2004).

The growth of individuals between size-classes is formu-
lated as a PDE. This creates an awkward set of equations to
solve as the biological equations become a coupled set of ODEs
and PDEs. To incorporate the discretisation of the PDE within
the ODE solver, a simple first-order upwind finite difference
scheme is employed, with biomass moving only from smaller
to larger size-classes, such that:

Gn+1
g − Gn

g = mg−1gg−1Gg−1 − mgggGg
(A.1)
�t (1/2)(�mg−1 + �mg) (1/2)(�mg + �mg+1)

with boundary conditions of zero flux at the smallest and
largest size-class. Given that the quantity of biomass moved
between size-classes over a timestep (60 s) is small relative
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to the amount of biomass within the size-class, this simple
approximation is sufficient.

The partial differential equations (PDEs) describing advec-
tion of biological tracers are integrated using two iterations
of a positive definite advection scheme (Smolarkiewicz, 1984).
The ordinary differential equations (ODEs) describing biologi-
cal transformations are integrated using an adaptive 5th order
Cash–Karp Runge–Kutta method (Press et al., 1992) with an
absolute tolerance of 10−12 mol N m−3 for N, P and Z and 10−12

for RN and RI.

Appendix B. Supplementary data

Supplementary data associated with this article can be found,
in the online version, at doi:10.1016/j.ecolmodel.2006.11.025.
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